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1. CHCTEMA CBS3AHHBIX MASITHUKOB

PaccMOTpHM n MAasATHHKOB, COEJMHEHHbIX yIPYIH-
MH npy>kuHaMu. 15t mpocToThl GyfeM CUMTaTh, 4YTO
HX TOUKH nojieca coBnagaioT. Kone6GaHus oTaenbHo
B3TOrO MasiTHMUKA OIMCBIBAIOTCH FaMUJIBTOHUAHOM

2
h, = Zy_.; -m,gl.cosx,,

s
IJIE X — YTOJI OTKJIOHEHHS MAsITHUKA OT BEPTHKANH, Y —
CONMpSKEHHbIA MMIYNbC, m — Macca MasTHMKaA, J —
MOMEHT MHEPUHUH OTHOCHUTENILHO TOYKH NojaBeca, | —
paccTosiHHE OT TOYKH MOJBEca JO LEHTpa Macce, g —
yckopeHHe CBOGOHOrO NafeHus.

IIycTs MassTHUKY C HOMEPAMHU | U j COEIMHEHBI YII-
pyroit npyxuHoi. Torpa moreHumansHas 3Heprus
B3aMMOJIEUCTBUSA

2
h; = -x;6 cos(x,; - x;) + const.

3pech K = K;; — KO9QPUUHMEHT ynpyrocTH, d — pac-
CTOSIHHE 1O TOYEK KPEIJICHUS MPYKHHBI.

ITycTsb Y — HaGop HOMepOB (ij), AN KOTOPBIX h; #
# const; ecnu (ij) € v, TO (ji) € Y. MHOXeCTBY Y ecre-
CTBEHHO conocTasisieTcs rpad I, BepiMHbI KOTOPO-
ro{l,2, ..., n} HyMepyIOT MasiTHUKH. Beplunnb! i u j
coefuHeHbl peGpoM, eci (i) € v. Ecnu rpa I cpaiz-
HbIH, TO CHCTEMY MasSTHHKOB Ha30BEM CBA3aHHOM. [Iu-
HaMHMKa CHCTEMbI CBSI3aHHBIX MasITHUKOB OIMCHIBAET-
C KAHOHHYECKMMH U PepeHIHANbHBIME YpaBHE-
HUAMM C TaMHJIbTOHHAHOM

n
H= Y h+3h,
s=1 Y
Ecnu rpad I' HecBsi3eH, To paccMaTpuBaemas cu-
CTeMa MasTHMKOB pacHajaeTcs Ha HECKOJbKO CBS-

3aHHBIX MOJACHCTEM, KOTOpBIC KOnebmoTca He3aBH-
CHMO JPYT OT Apyra.

M&1 6yneM paccMaTpuBaTh raMUILTOHOBBI CHCTE-
MbI HECKOJIBKO Gonee o6uiero Bupa. [ycrs 17 = {x,,

Mocxoeckuii 20cyoapcmeenniii YHugepcumem
um. M_.B. Jlomonocoaa

X2, ...y X, mod 27t} — KOHGUTrYpPALUOHHOE TPOCTPaH-
1
ctBo, T = 52% Yj» a; = const, — KHHETHYECKast

aneprus, V: T* — R - norenuuansnas 3Heprus, Ko-
TOpYyIO OyAeM CUHTAaThb TPHIOHOMETPHYECKHM MHO-
rowieHoM. Pyukumus IamunbToHa H — 3TO nmosnHas
aHeprus T + V.

Cornacno mpegnonoxenuto, psag Pypbe nores-
uuana vV

zvme'('"’”, m= (m,m,.,m)elZ",

COACPXKHUT KOHEYHOEC YHUCIO TapMOHHK. KoneyHnoe
MHOXECTBO HEJIOYUCIICHHBIX BEKTOPOB

S={melZ" v,#0}

Ha30BEM CNEKTPOM noTeHuuana V. SIcxo, uto § uH-
BAapHAaHTHO NPHA OTPAXKECHUHU m — —m.

Kunetuueckas QHEprus T 3aJa€T CKaJIIpHOE NpOo-
ussenenne B R ecmu & = (§, &,, ..., &) un =M,
N2 ---5 Ny TO

(&) = Zaijginj'

Ecnu R" MOXHO pa3noXuThb B NpsMyIO CyMMy NOJI-
npoctpancTts W, W,, OpTOroHaibHbIX OTHOCHTEIb-
HO CKaJISPHOT'O NPOM3BENEHHS (-, -) M CIIEKTP S JIEXKHT
B 06 befunenun W, W,, To cicTeMa ¢ raMuJIbTOHHa-
HOM H pacnapaercs Ha iBe HE3aBHCHMbIE MOJCHCTE-
MBIl C YHcaOM creneHel cBobombl dimW, u dimW,.
B aTtoM cnyuae ucxonHasi cucreMa OyAeT UMETh iBa
MOMNOJHUTENbHBIX KBAJPaTHYHbIX NEPBbIX HHTErpa-
J1a, KOTOpbIE SIBASAIOTCA FaMUJIBLTOHHAHAMHU OTHEINb-
HbIX nopcucreM. Ecnu Takoe pa3zsoxeHHe HEBO3-
MOXHO, TO CHCTeMY OyfieM Ha3bIBaTh CBA3aHHOM,

2. CTATUCTUYECKOE PACCMOTPEHUE
INMHAMHUYECKUX CUCTEM

Cornacno I'n66¢y, npeGbiBaHNE CHCTEMBI B ONIpe-
IEJIEHHOM COCTOSIHHHM CUMTAETCA CNy4YalHBIM COObI-
THeM. TakuM ob6pa3oM, B (pa30BOM HpOCTpaHCTBE
T»x R" Bo3uukaeT IIOTHOCTD pacpeeNeHus BEpO-
ATHOCTEN P(Xx, ¥), KOTOpasi HEOTpHIATENbHA M OJHO-
3HayHa Bcrofy B [ " X R". Tu66¢ 3ameTun, 4to p yos-
JIETBOPSIET YpPaBHEHUIO JINYBHIINA M IO3TOMY B CIy-
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Ya€ TaMHJIbTOHOBBIX CHCTEM SBJACTCA M[C€PBBIM
UHTETpajioM.

B paBHOBECHOM CTaTHCTHYECKOIl MEXaHUKE KIIIO-
4YEeBYIO pOJib HrpaeT pacnpefeiieHue I'm66ca
_ﬂH
p=ce, M
rae B = (kt)~!, T - abconoTHas TemMnepaTypa, k — no-
crosHHas bonblMaHa. TTOCTOSIHHBIN MHOXHUTEND €
HaXOJUTCA U3 YCIIOBUS HOPMHPOBKHU

jpd"xd"y = 1.

O6bruHo pacnpenencune I'nGGca BbIBOAMTCS B
NPEANONOXKEHNH, YTO UMeeTcss N OUHAKOBBIX, Cla-
60 B3aHMOJEHCTBYIOIUX MOACHCTEM H B Npefelne
(korga N — o) 3TH NOJCUCTEMDI B CPEHEM pacIpe-
lienensl B cooTBeTcTBUM ¢ (1) (cM., Hanpumep, [1];
Gonee crporoe uznoxenue B [2]). [Ipu aToM fenaer-
Csl elle OHO CYUIECTBEHHOE INPEANOJIOXEHUE: MpH
CKOJIb YIOOHO MAajiOM B3aUMOJAEHCTBHHM NOJACHCTEM
raMMILTOHOBA CUCTEMA 3ProfiiHa Ha (PUKCHPOBAH-
HBIX IHEPreTHYECKHX MHoroo6pasusax. K coxaine-
HHIO, CHpPaBEMJIHBOCTb 3Proguyeckoil T'HIOTE3bl
OuYeHb TPYAHO nposepuTs [3]. Bosee Toro, 3ayactyio
OHa Jerko onposepraercs KAM-rteopueii (Hanmpu-
Mep, 7151 CHCTEMBI cl1abo CBSI3aHHBIX MASTHHKOB).

B Hacrosimeit paGote pa3BuBaeTcs Opyroi mop-
XOf1 K BbIBOJY THOGCOBCKOro pacnpeneneHus. OH oc-
HOBaH Ha TOM, YTO TUITHYHAs TAMHJILTOHOBA CHCTEMA
He JIONyCKaeT OHO3HAYHBbIX HHTETPANIOB, HE3aBUCH-
MBIX OT 3Hepruu H {4, 5].

3. IOTIMHOMHWAIIBHBIE UHTEI'PAJIBI

PaccMoTpuM 3ajauy O JONONHHUTENBLHBIX HHTEr-
pasiax CUCTEMBI C TOPHYECKHM KOH(HTYpaUHOHHBIM
IPOCTPAHCTBOM M raMuJIbTOHMaHOM H =T + V u3
paspena 1. bonee To4HO u3yyaroTcs ycnoBus cyuie-
CTBOBaHHSI HOBBIX HHTETPAJIOB B BHJIE MOJIHHOMOB I10
MMIIyJIbCaM C ORHO3HaYHbIMH Ha [ " = {x mod 21} Ko-
appumenTamMu. OTMETHM, YTO BCE M3BECTHbIE MH-
Terpanbl OOpaTHMBIX MEXaHHYECKUX CHCTEM CYyTh
NONMHOMBI TI0 UMITYJbCaM OO (PYHKLUH OT 3ITHX
NOJIMHOMOB. JTOT (haKT HCNONb3yeTCs B pasfene 4,
XOTs1 B TOJIHOM 0O'beMe OH NIOKa He 10Ka3aH (YacTHY-
HbIE PE3YyNbTaThl B 9TOM HalpaBJICHUH YKa3aHbI B [6,

ri. II]).

ITycts X — BbimyKJ1ast 060104Ka CrieKTpa S MOTeH-
uuana V. SIcHo, 4yTo Z — BBIMYKJIbI MHOrOIPaHHHK.
ITyctb o M B - Bepiune! X, coeiuHEHHEIE pe6poM .
Ha3zoseM 310 pe6po nonoxurensubiM, eciu (o, B) > 0.
IMonoxurensHbie pebpa BUAHBI U3 Hayalla KOOPAH-
HAT IOJ] OCTPLIM YIJIOM.

Ham ocHOBHOI pe3ynbTaT cocTaBiseT

Teopema 1. Ilycme W — 2unepnaockocms, co-
oepxcawias Ha4ano KoopouHam u n — 1 aunelino-He-

3asucumbix sepuiur X. Ecau k kaxcooil us amux eep-
UWUH npUMbLIKAEm noA0XUmMeabHoe pebpo, He aexa-
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wee yeaukom 6 W, mo 2amunbmoHnosa cucmema He
odonyckaem nOAUHOMUAABHO0 UHMEPANQ, He3a6U-
cumozo om 3Hepzuu H.

OTO yTBEPXKIACHHE [OKA3bIBAETCA C UCIONb30Ba-
HHEM pe3ynbTaToB paboTsi [7]. JocTaTouHble ycno-
BUSL OTCYTCTBHS HOBBIX NOJNUHOMHUATLHBLIX HHTErpa-
JI0OB MOXHO ocnabuts. Ilo-Bugumomy, Teopema 1
CnpaBelJIuBa ISl CBA3aHHBIX AMUJIBTOHOBBLIX CHC-
TEM, O KOTOpbIX 11a peyb B 1. 1. [Ipu n = 2 atoT pe-
3yJbTaT yctaHOBJEH B {7]. He uckmtoyeHo, 4yro npu
n 2 3 cBA3aHHbIE CUCTEMb! TPAH3UTUBHLI Ha HEpre-
THYECKUX MHOr006pa3usx

H = h>maxV. (2)

DTO OflHa M3 TOYHBIX (POPMYIHPOBOK TUNOTE3BI O
nucPy3nu B raMHIbTOHOBBIX CHCTEMax. bonee npo-
CTas 3ajaya: J0Ka3aThb OTCYTCTBHE HEMOCTOSHHbIX
HENPEPLIBHBIX MHTErPajloB HA 3HEPreTHYECKHX MO-
BEPXHOCTHAX (2).

N3 Teopems 1 BhIBOAUTCS

Teopewma 2. Csasannaa cucmema MAAMHUKO8
Heé Oonycxaem OOHO3HAYHO0 NOAUHOMUAALHO20
UHmMe2pana, He3asucuUmo20 O NOAHOU IHEPUU.

4. TEPMOJUHAMHNYECKOE PABHOBECHE

Hpume}mM TEOPEMY 2 AN BbIBOJa KAHOHHYECKO-
ro pacnpepenenus I'n66ca s cCUCTEMbI MASTHUKOB,
COEMIMHEHHBIX yNpyruMu npyxxuHamu. C 3Tol Lensio
PacCMOTPHM [IBE€ CBsi3aHHblE CHCTEMbl MasTHHKOB C
ramuibroHnanamu H, u H,. Ilpeanonoxum, 4yto He-
KOTOpBIE MasiTHUKHU M3 cHCTeM | U 2 cBSA3aHbl MEXIY
co06OH OfHOIM (MU HECKOJILKUMH) YIIPYTHMH NPYXH-
HaMH C OYCHb MaJIbIM KO3 (HIHEHTOM YIIPYrOCTH E.
Torpa ramunbToHHaH cuctembl 1 + 2 OyneT UMeTh
B[

#H, = H +H,+eW,

rge EW — Manad NnoTeHIUaJIbHas 3HepFl/lH B3aHUMO-
JNEHCTBHUSA CHCTEM 1 U 2.

ITpu kaxpomM ckoab yrofgno ManoM € # 0 cucreMa
MasiTHUKOB 1 + 2 Gyner cBsasaHHOi. CiieoBaTeNbHO,
110 TeopeMe 2 INIOTHOCTh paclpefeicHUs BEPOATHO-
creil B pa30BOM IPOCTPAHCTBE 3TOH CUCTEMbI OyaeT
3aBuceTh nuib OT HH.: p(F,). Ormerum, yTo ara
(yHKLMSA MOXET ellie IBHO 3aBUCETh OT [TapaMeTpa
€; HO NI AaNbHENIETO 3TO HE CYLIECTBEHHO.

YcrpemuM Teneps € K Hynio. B npegene nonyyum
ABE HE3aBHCHMbIE CHCTEMbI C FaMUIbTOHHAHAMH H |
u H,. Cornacno o6meii upee I'n66c¢a, cnegyeT BBECTH
IJIOTHOCTH pacnpefelieHUss BEPOATHOCTEH P, U P,.
1o Teopeme 2 cHOBa nonyyaeM, 4To P, H P, 3aBUCAT
TONBLKO OT H, u H, COOTBETCTBEHHO.

IIpuMeHsis MpaBUIIO YMHOXKEHUS [1/151 BEpOSITHOC-

Te# He3aBHCHMBIX COOBITHIA, osy4yaeM npu € =  pa-
BCHCTBO

p(H, + H,) = p,(H,)p,y(H,). 3)
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CTATUCTHUYECKAA TUHAMWKA CUCTEMbBI CBA3AHHBIX MASITHUKOB

3TO0 paBEeHCTBO Ha3bIBaeTCA ellle runore3on I'nb66ca
O TEPMOAMHAMHMYECKOM PAaBHOBECHM NPU HcUe3alo-
meM B3auMofieicTBuH [1]. Xopomo H3BECTHO, UTO
pemeHust PyHKIMOHAJILHOTO ypaBHeHus (3) — rnaa-
KHe (PyHKUMH, HUTIe He oOpalyatoiuecs B Hynb. [1o-
clefiHee BBITEKAET U3 ycloBus Hopmuposku. M3 (3)
NOJIy4acM paBEHCTBO
' L)
Py _P2_ -B, B = const>0. 4)
Pt P2

Orciona BbITEKaeT opmyaa (1) ans cucTeMsl C ra-
munbrounadoM ¥, TockonbKy P 3aBUCHT NULIb OT
TEMIEPaTYphbl, TO (4) NPOSCHAET PUIUUECKUN CMBICT
runote3bl ['n66ca: TeMneparypbl nopcucreM 1 u 2
OCTal0OTCs OIHHAKOBbLIMH H TIPH € —> 0.

Ecnu uMmeeTcs TONBKO OfiHA CBSI3aHHAsi cUCTeMa
MasTHHKOB, TO Mbl MOXEM JIMIIb YTBEPXATh, UTO
e¢ IVIOTHOCTb pacnpefesieHUsi BEPOATHOCTEH 3aBH-
CHT OT II0JIHOM IHEPIrHH 3TOi cHcTeMbl. Kak noka3sa-
HO B [5], ycpenHeHUe MO TaKod MHBApUAHTHON Mepe
B 06111EM ClTyyae HECOBMECTHMO C aKCHOMAaMH PaBHO-
BECHOW TepMojguHaMUKH. IIpuyrHa NOHATHA: y Hac
HET BO3MOXHOCTH OINpPEAENNTb TEMIIepaTypy 3TOi
CHCTEMb], CPaBHMBAsl €€ C TeMIepaTypamH JApYyrux
CHCTEM.

HanpoTuB, ecnu UMeroTcs iBe CBA3aHHBIX CHCTE-
MbI | K 2, coequHEHHbIE MeEXY COOOH, TO MO HCTeYe-
HuM GONBIIOro MPOMEXYTKAa BPEMEHU MEX[y HHUMHU
YCTAHOBUTCSl TEPMOJAMHAMUYECKOE PaBHOBeCHE. DTO
PaBHOBECHE HE HAPYLUHUTCS, eClUd OECKOHEYHO Mefl-
JIEHHO M J0JITO YMEHbIIATh B3aHMOAICHCTBHE MEXAY
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cucremami 1 1 2. B ipepene cucremel 1 1 2 oKaxyT-
csi HE3aBUCUMBIMH, HO GylyT HMeTb paBHbIE TeMIe-
patypbl. Kaxnyo u3 HIX MOXHO OECKOHEYHO Men-
JI€HHO MPUCOENUHUTD K TPEThEH CBSI3aHHON CHCTEME
C raMWILTOHHAHOM H; U INIOTHOCTLIO pachpenene-
HUS BeposiTHOCTEH pP3(H3). YcioBHE COXpaHEHMs
TEPMOIUHAMUYECKOIO PAaBHOBECHS NPH TaKOM CO-
€IUHEHUH COCTOUT B TOM, YTO g—3 PaBHO aHAJIOrHY-
3

HbIM OTHOILIEHUSIM U3 paBeHCTBa (4).

Pa6ora BbInonHeHa npH PUHAHCOBON NMOAEPXKKE
nporpaMMmsl “YHuBepcuteThl Poccnn” n depepans-
HOM ueneBo¥ nporpammbl “I"ocymapcTBeHHas mofn-
[IepXKa MHTErpalUu BbiclIero o6pa3oBanus H QyH-
AaMeHTanbHOM Hayku' ' (nmpoekT Ne 2.1-294),
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