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The study is reported of a diffusion inh a model of degenerate Hamiltonian systems. The Hamiltonian
under consideration is the sum of a linear function of action variables and a periodic function of
angle variables. Under certain choices of these functions the diffusion of action variables exists. In
the case of two degrees of freedom during the process of diffusion, the vector of the action variables
returns many times near its initial value. In the case of three degrees of freedom the choice of
Hamiltonian allows one to obtain a diffusion rate faster than any prescribed one. © 1998 American

Institute of Physics. [S1054-1500(98)01701-7]

The phenomenon of diffusion, originally discovered by
Arnol’d, plays a significant role in the study of mecha-
nisms underlying the onset of chaos in multidimensional
Hamiltonian systems. Diffusion is the slow drift of action
variables and random migration in gaps between Kol-
mogorov tori. Analytic investigations of diffusion in non-
degenerate systems have been greatly impeded by the
fact that the diffusion rate is exponentially small
(Nekhoroshev’s theorem). In this paper, we investigate
diffusion in highly degenerate Hamiltonian systems to
which the results of Kolmogorov—Arnold’d—Moser
(KAM) theory and the Nekhoroshev theorem do not ap-
ply. In such systems, the diffusion of action variables can
grow in accordance with a power-type law.

I. INTRODUCTION

According to Poincare, the basic task of dynamics is to
investigate the Hamilton equations
dxk oH

dt ¢9yk’
H=H(y)+eH(x,y),

d oH
—)—Jli= -—; k=1,..,n,
dt 0"xk
(1

where x=(x,...,x,,)mod 27 are the canonical angular coor-
dinates, y=(yy,...,y,) are the canonical momenta, and €is a
small parameter. The Hamiltonian H is 27-periodic in each
angular coordinate x,...,x,,. When €=0, we have a com-
pletely integrable system and the variables y, x are the
action-angle variables of this system.

In accordance with KAM theory, when a system with
nondegenerate Hamiltonian
P H,

det 7))7— #0 (2)

is perturbed, most (in the sense of Lebesque measure) invari-
ant tori

x mod 2m,y=y,

do not vanish and are only slightly deformed. These are the
so-called Kolmogorov tori. When n=2, the Kolmogorov tori
divide the three-dimensional energy surface H= const into
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invariant regions, so that the action variables y do not evolve
for small values of . Arnol’d' has used a model example to
show that for n>2 the system can drift in the gap between
Kolmogorov tori. The action variables y can then change by
a finite amount. This phenomenon is called Arnol’d diffu-
sion. The mechanisms underlying this diffusion in multidi-
mensional systems is not clear yet.

Nekhoroshev? has found an estimate for the rate of
Amol’d diffusion in the case of analytic systems with a steep
Hamiltonian [the steepness condition strengthens the in-
equality given by Eq. (2)]: there exist positive constants €,
a, b such that for all

1
Osts—exp—, 0<e<g (3)
€ €
the inequality
(1) =y(0)|<e )

is satisfied. The constants a and » depend only on the un-
perturbed Hamiltonian H,.

In this paper, we present examples of Hamiltonian sys-
tems for which the rate of diffusion is significantly greater
than the exponentially small rate. However, in the examples
considered below, the systems will be highly degenerate
[i.e., Eq. (2) will not be satisfied].

For a better insight into Eqs. (3) and (4), let us consider
the case (it will be encountered below) in which the increase
y(£)—yo(?) in the action variables is equal to € log ¢. For
example, if b=1/2 in Eq. (4), we find that

ly(£)—»(0)| < Ve,

which is valid on the exponentially long interval

O=st=<exp —=.
€

On the other hand, when b=0, we find that the increase in
the action variables is 1 on the somewhat longer interval

1
0=r<<exp pe
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Moreover, we note that estimates of the form given by Eqs.
(3)-(4) were first obtained by Littlewood™* in the restricted
circular three body problem. Indeed, in this case, n=2 and
the KAM theorem gives a stronger result on the secular sta-
bility of action variables.

Il. HIGHLY DEGENERATE SYSTEMS

Consider the model Hamiltonian

n

H=Ho()+eH(x), Ho= 2 o, (5)
where @,...,w, are rationally incommensurate real num-
bers and H; is an analytic function on the n-dimensional
torus 7"={x mod 7r}. The phase space is the direct product
of the torus 7"={x mod 27} and R”={y}. This system has
a complete set of multivalued commuting integrals

WX | =W)Xy, Wy (1 X]— WXy yeens
x|~ w1xy, H

and is therefore explicitly integrable. However, as we shall
see later, the question of the evolution of action variables
rests on the complex problem of small denominators.

The canonical equations with the Hamiltonian given by
Eq. (5) have the following explicit form:

dxy, dyy
~C—h——-wk, 717_6f"(x)’ k=1,..,n,
(6)
_ H,
fe= T

The first group of equations determines the conditionally pe-
riodic motion on the n-dimensional torus

xk=wkl+xk(0), l<k=n.

The numbers wy, ..., w, are the incommensurate frequencies
of the conditionally periodic motion and x,(0),...,x,(0) are
the initial phases. The action variables are the integrals of the
conditionally periodic functions

Vi) =yi(0)+ e fo'fk<m+x(0>>dr.

Since the phase averages of f}, over the torus 7" are zero, we
find (according to Weyl’s theorem) that y.(#)—y(0)
=(0(t), t—o. However, this estimate of the rate of diffu-
sion is a weak result because of its great generality. (Weyl’s
theorem is valid for continuous and even Riemann-integrable
functions). We note that for smooth functions f;, the Weyl
estimate is uniform in the initial phases x(0).

Systems with the Hamiltonian given by Eq. (5) were
considered by Kozlov® from the standpoint of the conditions
for the existence of single-valued integrals. It was shown
there that for n=2 it is possible to find an irrational number
w,/w, and analytic function H:T*—R such that Egs. (6)
have an H-independent integral from the class C? without
there being an additional integral from the class C¥*!. De-

V. V. Kozlov and N. G. Moshchevitin

tailed proofs are given by Moshchevitin.® An analogous re-
sult for arbitrary »=2 has also been discussed by
Moshchevitin.”

ill. SYSTEMS WITH TWO DEGREES OF FREEDOM

Before we present our results, we note that the difference
y(£)—y(0) with fixed time ¢ depends only on the initial
phases x;(0), k=1,...,n. We shall adopt the following defi-
nition:

Y (T)= max max|y,(t)—=y(0)],

I<t<T x(0)

Y(T)= max Y, (T).

k=1l,...n

THEOREM 1:

Suppose that n=2,w/w, is irrational, and H| is ana-
Iytic. Then:

(i) There exists a sequence t ] such that the separation
between points (x(t,),y(t,)) and (x(0),y(0)) (in the stan-
dard metric on T*X R?) tends to zero uniformly in the initial
data as v—.

(ii) There exists a constant ¢>0 and sequence T}
such that

Y(T)<eclogT,, Vv

Conclusion (i) was actually proved in Ref. 8. It estab-
lishes the uniform reversion of phase trajectories of system
(5). Conclusion (ii) is proved by considering cases A and B
below. Since the function f is analytic, we have

filn)= 2

m 522{0}

Si(m)exp(i{m,x)),

|fe(m)|< vy exp(—yalml), |m|=|m|+|m,|.

Case A. If for all m#0 we have [(m,o0)|
>exp (—N'|m|) with a certain 9’ €(0;7y,), then Y(T)
=0(€) for T—o, which completes the proof.

Case B. If we have infinitely many integer number vec-
tors m,=(p,,q,) € Z%, ¢,>0 such that

[(m, w)| =|wp,+ wrg,|<exp(—y'(Ip.|+4.));
then for a certain 9" >0

G,/
YI(qv/wl)—y1(0):€j0 filor+x(0))dT

=0(e exp(—v"9,)),

and since

A1 oy
g o) =nO=e3 [ wr+ gpar
=0 0

=0(e\ exp(—7"q,))+ O(e)
we have
Yi(Ag,)=0(e\ exp(—7'q,))}+0(e), VA
and, consequently,

y1(£)=0(eN exp(—v"q,))+O0(eq,), Yie(0;rg,).
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Taking A ,=exp(—7'q,) and T, =\ ,q,, we have
Y(T,)=0(e log T,).

It remains to recall the existence of the energy integral H
=wy,+wyy,+ eH (x)=const and conclusion (ii) in theo-
rem 1 can be regarded as proved.

Before we formulate theorems 2 and 3 we recall once
again that the difference y,(¢)—y(0) depends (for given r)
on the initial phases x(0) only.

THEOREM 2:

For n=2 and any positive-valued monotonically in-
creasing function g(t) given in advance and such that g(t)
=0(t), t—®, we can find an irrational number w, ! w, and
analytic function H, :T*—R such that:

(i) For each value h system (6) is transitive on the en-
ergy level H=h.

(ii) There is a constant ¢>0 and sequence t, [ such
that

12

Urzlyk(tu)-y(o)lzdx(O) = ecg(t,).

Transitivity means the existence of trajectories that
densely fill the whole (i) three-dimensional surface H=~h.
This result was established in Ref. 8. We thus have here the
unbounded variation of action variables, and we can speak of
diffusion in the Hamiltonian system (6), except that property
(i) does not ensure fast diffusion. Because of reversion, this
type of diffusion can be referred to as flickering. Both con-
clusions of theorem 2 can be proved in standard fashion by
using simple properties of cylindric cascades generated by
the Hamiltonian system [see Eq. (6)].

V. SYSTEMS WITH THREE DEGREES OF FREEDOM

The case n=3 is significantly different from the case »
=2.

THEOREM 3:

Let n=3 and let g(t) be an arbitrary positive function
that increases as t--o and is such that g(t)=o(¢). It is then
possible to find incommensurate frequencies, wy, w,, w,
and analytic function H,:T>*— R such that, for any t,

12

( f 0=31(0)Pdx(0)| > eg(s). (7)

Thus for k=3 we no longer have the property of uni-
form reversion although, as was shown in Ref. 9, individual
reversion of each y,(¢) separately does occur. Theorem 3 is
a consequence of a general result on integrals of conditional-
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periodic functions.!® Evidently, we can find examples of
Hamiltonian systems with three degrees of freedom satisfy-
ing theorem 3 and transitive on energy levels H= const, but
this involves some subtle constructions in the theory of dio-
phantine approximations.

As an example, let us put g(¢)=¢%, 0<<a<1. From Eq.
(7) we obtain the estimate

max|y,(1)—y,1(0)|>1, ®)
x(0)

which is valid for any
t=<e Ve, 9)

The estimates given by Eqs. (8) and (9) show that the action
variables change by a finite amount in a time interval of the
order of €8, B> 1. It follows that the rate of diffusion will
no longer be exponentially small, and that it increases in
accordance with a power law. Nekhoroshev? has given ex-
amples of systems with nonsteep Hamiltonian H, and action
variable increasing in accordance with a power law. How-
ever, Ref. 2 was concerned with individual trajectories
whereas estimate (7) is generally valid.
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