Symmetries and regular behavior of Hamiltonian systems
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The behavior of the phase trajectories of the Hamilton equations is commonly classified as regular
and chaotic. Regularity is usually related to the condition for complete integrability, ie., a
Hamiltonian system with n degrees of freedom has n independent integrals in involution. If at the
same time the simultaneous integral manifolds are compact, the solutions of the Hamilton equations
are quasiperiodic. In particular, the entropy of the Hamiltonian phase flow of a completely
integrable system is zero. It is found that there is a broader class of Hamiltonian systems that do not
show signs of chaotic behavior. These are systems that allow n commuting ‘Lagrangian’’ vector
fields, i.e., the symplectic 2-form on each pair of such fields is zero. They include, in particular,
Hamiltonian systems with multivalued integrals. © 1996 American Institute of Physics.
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I. INTRODUCTION

Let (M?*",w) be a symplectic manifold and w a closed
nondegenerate 2-form (symplectic structure). Each smooth
function

H:M-R

can be placed in correspondence with a Hamiltonian vector

field vy in accordance with the rule
iva=dH, i,w=w(v,-).

The field vy generates a Hamiltonian dynamic system
on M, namely,

i=vy(z), z{1}—M. (1.1)
In terms of local canonical coordinates
Z=(.l'| yeeen X My ...-,_V,,),

the symplectic structure takes the form
w= 2 dx,,/\dyk ,

and (1.1) assumes the familiar canonical form
. O0H ) oH 1<k 12

=— =——; |I<ks<n. .

Xk ayk y Y 6xk ’ n ( )

We recall that the Hamiltonian system (1.1) is called
completely integrable if there are n functions

(1.3)

that are almost everywhere independent and are in pairs in
involution. The involution property of the set of functions
given by (1.3) is described by

F\=H, F,,...,F,:M* SR

(1.4)

w(vpi,vpj)=0, 1=<i,j<n.

Of course, each of the functions in (1.2) is an integral of
(1."):

LUHFk=iUH dFk=iU”w(v,.-k,-)=w(v,.-k,v,.-|)=0,
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where L,, is the Lie derivative along the vector field w.

The concept of complete integrability has two aspects:
local and global. The former is related to the famous Liou-
ville theorem: if there are n independent integrals in involu-
tion of the system given by (1.2), the system is integrable in
quadratures. The proof of this relies on the complete integral
of the Hamilton—Jacobi equation. Let

Fi(x,y)=cy,....F,(x,y)=c,. (1.5)
If

WF),....F,

(F );&0’

HVyyeesVn)

then (1.5) can be used to express (locally) the momenta y in
terms of the coordinates x and parameters c:

A2 =fl(xvc)v~vyn=fn(xic)-
Since the paired Poisson brackets of the functions (1.3) are
zero, the 1-form

filx,e)dx + -+ f,(x,c)dx,

is the complete differential of a certain function S(x,c). The
next step is to show that this function is a complete integral
of the Hamilton-Jacobi equation:

%S

#0.

as
H(x, —) =h(cy,...,c,), det

ox 6x,-¢9€

j
The global aspect is related to the structure of the
n-dimensional integral surfaces:

Ac={Z:F|(Z)=C| ,...,F,,(Z)=C,,}

and the structure of the phase flow of (1.1) on A_ . It is found
that if the surface A, is regular, then each of its compact
connected components is an n-dimensional torus T", where
in terms of certain angular coordinates ¢;,...,¢, mod 2, the
equations on A_ have the simple form

Qr=w;= const, 1<k=n, (1.6)
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Dynamics are thus reduced to quasiperiodic motions on
n-dimensional invariant tori.

If A, is not compact, then under a certain additional
condition, it is a diffeomorphism of the direct product
T"XR"™™, where it is possible to introduce m angular
(@15-9,, mod 277) and n—m linear (@, ,...,¢,) coordi-
nates that vary uniformly with time. The additional condition
reduces to the requirement that the n Hamiltonian fields

(1.7)

satisfy the condition of completeness on A, i.e., their phase
flows are determined along the entire number axis.

The proof of the geometric aspect of the Liouville theo-
rem is based on the following idea: the Hamiltonian fields
(1.7) are tangent to A, and commute in pairs:

[v,.~‘,,u,.-jj=(), b<<i,j=<<n. (1.8)

A discussion of these problems can be found in Refs. 1-4.

The local Liouville theorem admits of a generalization
noted in Ref. 5. Let us suppose that the Hamilton equations
(1.2) have n integrals (1.3) such that

{FivFj}=2 "ijk-

If (1) the functions given by (1.3) are independent on A,. and
(2) the Lie algebra with structure constants <-f,- is solvable,
then Egs. (1.2) can be integrated in quadratures on integral
surfaces A, satisfying the additional conditions

> cfjck=0 for all 1s<i,jsn.

This proposition has become relatively well known and
is discussed, for example, in Refs. 1-4.

Il. HAMILTONIAN SYSTEMS WITH TWO DEGREES OF
FREEDOM

In the simplest nontrivial case, when n =2, we lack only
one integral that is independent of H in order to achieve
complete integrability.

Let h be a noncritical value of the Hamiltonian H. In
that case,

N,={z:H(z)=h}

will be a regular three-dimensional manifold. The Hamil-
tonian field vy must, clearly, be tangent to N, and has no
singular points.

Let us fix the total energy h and let us denote N, and the
bounded vy, on N=h by N and v, respectively. The dynamic
system on N

z=v(z), z:{t}—N, 2.1)

then has an invariant nondegenerate 3-form () that is gener-
ated by the invariant Liouville 4-form w/\w specified on the
enveloping manifold M.* “The construction of € and the cor-
responding explicit formulas can be found, for example, in
Ref. 6.

Since (2 is nondegenerate, it defines the orientation of N.
In the compact case, it is usually assumed that

j 0>0.
N

Hence the invariant volume form is a smooth invariant mea-
sure.

On three-dimensional manifolds with invariant measure,
systems such as (2.1) have many properties typical of Hamil-
tonian systems. The study of such systems is of interest in its
own right.

lil. COMPLETELY REGULAR HAMILTONIAN
SYSTEMS

The behavior of the phase trajectories of the Hamiltonian
equations can be divided into regular and chaotic. Rigorous
gencral definitions are difficult and are not icadily formu-
lated despite the intuitive clarity of this subdiision.

Chaotic behavior has a number of related characteristics.
The following are some of them:

(@) There is an infinite number of nondepenctate periodic
trajectories (their multiplicators we Jtterent from
unity);

(b) the characteristic Lyapunov indices are nonzero;

(c) asymptotic manifolds intersceet transyeisably;

(d) the Kolmogorov-Sinai cutropy is posttine

Symbolic dynamics can be used to denive () from (c)
(see, for example, Ref. 7). Pesin’s formula® relates (b) and
(d).

Poincaré has shown that when the involution miegrals
(1.3) of a completely integrable systcm wic wdependent at
points of a periodic trajectory, all its mulphicwions are equal
to unity. Poincaré used this as the basis toi w sigorous proof
of the fact that Hamiltonian systems are nonnitegiable (see
Ref. 9; a modern presentation is given i Ret 1 Poincaré
also noted that the asymptotic surfaces of it giable systems
arc double. Paternain has recently obtained nigorous results
on the vanishing of the entropy ol consplachy mtegrable
Hamiltonian systems.'

Remark. An example of geodesic low on o sinooth
two-dimensional surface of genus -~ | wath nonconstant infi-
nitely differentiable integral is given in Ret 10 At the same
time, according to Ref. 12, the wopological catiapy of such
systems is positive. The situation is difteient w the analytic
case: the geodesic flow on an analytic surface ot genus >1
does not admit nonconstant analytic integrals '

Thus, completely integrable systems do not display signs
of chaotic behavior and their dynamics is theictore consid-
ered regular. It is found (and this is our observation) that
analogous properties are exhibited by a wider class of Hamil-
tonian systems that includes completely integrable systems.

Definition. The Hamiltonian system (1.1) will be de-
tined as completely regular il there are novector fickds

V)=Vy, UV25..,U4, (31)
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that are linearly independent at almost all points of M2" with
the propertie$

(i) [ve,v,]=0,

(ii) o(vg,v))=0, I<k,I<sn.

I1<k,I<n,

Completely integrable systems are obviously completely
regular. In fact, Hamiltonian vector fields generated by the
integrals given by (1.3) must be taken in (3.1). Properties (i)
and (ii) are satisfied by virtue of (1.8) and (1.4), respectively.

To elucidate further the utility of completely regular sys-
tems, let us consider the illustrative example of a system of
the Hamiltonian “‘type’’ on a three-dimensional manifold
{see Sec. IT). Let N be a three-dimensional torus with angular
coordinates

2y.22.23 mod 2,

and suppose that the system (2.1) is specified by the simple
cquations

L4=wy, k=123; w,= const. (3.2)

This system has the standard invariant measure
(2 =dZ|/\dZZ/\dZ3 .

It is well known that if the frequencies w,, w,, w; are
nonresonant, the system (3.2) is ergodic. All its phase trajec-
tories densely fill N everywhere. However, the characteristic
Lyapunov indices of all the solutions are zero, so that the
entropy of the system (3.2) is zero. The reason for this is the
existence of a ‘“‘rich"* group of symmetries: any vector ficld
on N with constant components will be a symmetry field.

We shall see later that completely regular systems can be
ransitive on (2n —1)-dimensional energy manifolds.

V. SOME PROPERTIES OF COMPLETELY REGULAR
SYSTEMS

Lot 7-224(1) be a solution of the sct of cquations

f=v(z). @.1)
The linear system

. v

Z=A(1Z, A=— (4.2)

zgtt)

v wsually referred to as variational equations.
Lemma L. If u(z) is a symmetry field for (4.1), then

wtny=n(z4(1))

s o solution of the variational equations (4.2).
Actuaily, the commutation relation for  and v is

Corollary. If the vectors in (3.1) are linearly indepen-
dent at a point =’ € M2", then they are linearly independent at
Al points of the phase trajectory of (1.1) passing through z'.

Theorem 1. If at a certain point on a periodic trajectory
of (I.1) the vectors (3.1) are linearly independent, all the
muttiplicators of the trajectory are equal to unity.

The proof of this relies on well-known results in sym-
plectic geometry, which can be found in Ref. 14 and else-
where. We note, to begin with, that the mapping of S over a
period is a symplectic transformation: it preserves the 2-form
w. According to Lemma 1, the transformation of S converts
Uy,...,U, into themselves. Since they are linearly indepen-
dent, the n eigenvalues of the linear mapping of S are equal
to unity. We shall use the following fact: if u,,u, are eigen-
vectors of § with eigenvalues \;, A, such that \\\,#1, we
have w(u,,u;)=0. Let us suppose that the spectrum of §
contains an eigenvalue A# | that corresponds to nonzero ei-
genvector u. We then have

o(u,v,)=0

for all k=1,....n. However, in the 2n-dimensional symplec-
tic space there is then a (n + I)-dimensional zero plane (span-
ning the vectors u,v ,...,v,). However, it is well known that
the dimensionality of a zero plane does not exceed n, which
was to be proved.

Corollary. Almost all periodic trajectories of a com-
pletely regular Hamiltonian system are degenerate.

Theorem 2. Let /1 be a regular value of the Hamiltonian
H, where the set

N,={ze M*":H(z)=h)} 4.3)

is compact. If the vectors (3.1) are linearly independent al-
most everywhere on N,,, the characteristic Lyapunov indices
all vanish for trajectories on N, with almost all initial values.

Let cv.(t), c=const be a solution of the variational
equations. Its Lyapunov index is defined by

—1
lim — In levi(H)] =N\, (4.4)

Because the energy surface (4.3) is compact, the function
lv(1)] is bounded. Consequently, X\, <0. On the other hand,
according to the Poincaré recurrence theorem, for almost all
initial data, the value of v ,(f) will be as close as desired to
v4(0) for a certain sequence of instants of time that increases
without bound. Consequently, the upper limit in (4.4) is non-
negative for almost all trajectories laying on N,. Hence
A=0for k=1,...,n. The fact that the remaining n Lyapunov
indices are all zero can be proved with the help of condition
(i) (as in the case of Theorem ).

Corollary. If the surface (4.3) is regular and compact,
the entropy of a completely regular Hamiltonian system on N
is zero.

The proof of this relies on the Pesin formula® according
to which the Kolmogorov-Sinai entropy is given by
SWZiNi(2)1Q, where \; are non-negative Lyapunov indices
and () is the measure on N, generated by the Liouville mea-
sure on M?",

Completely regular Hamiltonian systems would not,
probably, allow a transverse intersection of asymptotic mani-
folds. So far, a rigorous proof of this has been given only for
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systems with two degrees of freedom. Let us suppose that,
for a certain value of the total energy h, there are two hyper-
bolic periodic trajectories y,, ¥, on a three-dimensional sur-
face N,, whose stable and unstable asymptotic surfaces W
and W intersect without coinciding. In the analytic case,
these surfaces are analytic. In respect of continuity, this pic-
ture persists for close values of the total energy. The case
where y,=1, is not excluded.

Theorem 3. Let « be an analytic vector field on M* such
that

(i) [u,v]=0,
(ii) w(u,v)=0.

V=vy,

If the asymptotic surfaces W, and W; cross, but do not
coincide, then

u=f(H)v,

where f is an analytic function.
We note, first, the symmetry field u is tangent to the
three-dimensional energy manifold N. Actually, by virtue of

(ii),

oH
— u=i, dH=i(i,w)=0.

52 4.5)

Thus, on the three-dimensional manifold N, the Hamiltonian
system has the symmetry field u. However, it is shown in
Ref. 15 that if, in addition,

winw;#¢, wi#w;,
then

u=cv, c= const.

It would be interesting to extend Theorem 3 to the mul-
tidimensional case.

V. STRUCTURE OF PHASE FLOW

Let us suppose that (4.3) is a regular compact (2n—1)-
dimensional manifold. According to (4.5), the vector fields
(3.1) are tangent to N,. We shall suppose that the vectors
(3.1) are linearly independent at all points. Let I1,CT,M be
a tangent plane generated by linear combinations of the vec-

tors (3.1). It is clear that
dim I1,=n.

Since the fields (3.1) commute, the Frobenius theorem
shows that the distribution of the n-dimensional planes I1,,
ze N, is integrable: each point of N, is crossed by a single
n-dimensional integral manifold A of this distribution (at
each point z € A the plane tangential to A coincides with IT,).
The integral manifolds A are not in general compact and can
be imbedded in N, in an arbitrarily complex manner.

However, A has a simple ‘‘internal’’ topology and the
phase flow of a completely regular Hamiltonian system on A
is quite simply constructed.

Theorem 4. The integral manifolds A are diffeomorphic
of the direct product T*XR" ¥ and we can choose upon them
a set of coordinates

Dloees @ MO 2T, Q4 4 1o P s
that have a uniform variation with time:

¢j=w;, w;=const; Isjsn.

Actually, the vector fields (3.1) are tangent to A, they are
linearly independent at all points of A, and they commute
and are unconstrained (since N, is compact by hypothesis).

The integral n-dimensional surfaces A are Lagrangian
[by virtue of (ii)]. Let us suppose that x,,...,x,, ¥;,---,¥2
are local symplectic coordinates. We shall also suppose that
the surface A is uniquely projected (if only locally) on the
“‘configuration’’ space R"={x}. We then find that A is de-
termined by the equations

as

NS P iahrena

=;9-x-:, o, S=8(x).

Y (5.1)

2

Since the 2n-dimensional space M =" is completely filled
with n-dimensional surfaces, these surfaces are given by
(5.1) near A, but only the function S depends ip addition on
the n parameters c¢;,...,c,. It may be shown that S(x,c)

. satisfies the Hamilton—Jacobi equation and is a complete in-

tegral of this equation. These facts are consequences of the
invariance of the surfaces A with respect to the phase flow of
the system defined by (1.1). Problems of this kind are dis-
cussed in, for example, Ref. 16.

Unfortunately, and in contrast to the completely inte-
grable case, here the complete integral of § cannot be found
with the aid of a constructive algorithm. However, when
n=2, the differential equation of a completely regular
Hamiltonian system with compact energy surfaces can be
solved with the help of a finite number of algebraic opera-
tions, quadratures, and differentiations. This somcewhat unex-
pected result is a consequence of the general theorem accord-
ing to which the equations can be integrated explicitly on a
three-dimensional compact manifold with invariant measure,
if they admit a nontrivial symmetry field."”

VI. MULTIVALUED INTEGRALS

A vector field u on M?" will be called locally Hamil-
tonian if there is a closed (but not necessarily exact) 1-form
@, such that

6.1)

Locally, ¢=dF. If the function F is then an integral of
the Hamilton equations (1.1), the form ¢ will be referred to
as a multivalued integral.

Lemma 2. If 4 is locally a Hamiltonian vector field, then

i,w=e.

L,w=0.

Actually, by evaluating the outer differential of both
sides of (6.1), and using the homotopy formula (see Ref. 14),
we obtain

0=dep=di,wo=L,w—i dow=L,w.

Lemma 3. If u,w are locally Hamiltonian fields and
w(u,w)=0, then they commute, i.e., [u,w]=0.
Proof. Let us evaluate
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i"L“ ]w=L,,iwa)—iwL,,w.

According {o Lemma 2, the last term is zero. Since
i.w=y, dy=0,

we have

Lj,w=L,y=di,y=do(w,u)=0.

Thus
i'".“ l(l)-_-O.

Smnce the 2-form w is nondegenerate, we have [u,w]=0.

‘Thus, if the fields (3.1) are locally Hamiltonian, then
property (ii) follows from property (i).

I.emma 4, If u is locally a Hamiltonian vector field and
wl(u,v)=0, then ¢ is a multivalued integral.

Actually, by (6.1),

aF
—v=i,0=w(u,v)=0.

az

Thus, if we can find n independent locally Hamiltonian
vector fields (3.1) and (i) is satisfied, then the Hamiltonian
ssstem with Hamiltonian H will be completely regular.
Moreover, in that case, in addition to H there are a further
n 1| multivalued integrals in involution, where
n-dimensional surfaces of their *‘simultaneous levels’’ coin-
cide with the invariant Lagrangian surfaces A described in
Sec. V.

Let us now consider an example of a completely regular
Hamilton system with multivalued integrals whose trajecto-
ries everywhere densely cover the energy surface N, . The
system does not therefore have even continuous nonconstant
single-valued integrals.

Let n=2 and

M*=T2XR?={x,,x, mod 2m,y,,y2},
w=dx;\dy,+dx,N\dy,, H=(ay;+y)/F(x,,x,),

where aeR, and let F be a positive analytic function on T2
tits Fourier series must contain all the harmonics). It is found
that, when the number « is suitably chosen, this Hamiltonian
«ystem has the indicated properties (see Ref. 10). The closed
I-form

¢=dx;—adx,

is then a multivalued integral.

The existence of this integral enables us to integrate the
Hamilton equations. in quadratures.

We must not assume that all the fields of symmetry of
the Hamilton equations are locally Hamiltonian. Here is a
ample example, borrowed from Ref. 18. Let us again sup-

pose that M*=T2XR? and let H=(y%+y3)/2. This Hamil-
tonian defines the geodesic flow on a two-dimensional torus
with flat geometry. The symmetry field # will be specified by

L a J
w=Y2 ox, Y1 ox,

It is then readily verified that
[u,v]=0, w(u,v)=0.

However, the field u is not Hamiltonian relative to the stan-

dard symplectic structure w.
The symmetries of geodesic flows on closed surfaces

were investigated in Refs. 17 and 18.
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