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Two important basic ideas of two-
dimensional complex analysis were
discussed in our works dedicated
to its discretization:

1. The Laplace operator is factorizable
A = —00

We constructed such discretization of
Complex Analysis that this property re-
mains true. It is possible only for the
equilateral triangle lattice.and more gen-
eral for the triangulated surfaces with
triangles colored in black and white.

We do not have such property for the



square lattice. This idea IS a by-
product of the theory of Com-
pletely Integrable Systems. The
first order linear operators discretizing
0,0 play leading role here (see Fig 1).

2. Another (related ) problem requir-
iIng first order operators is the follow-

INg:

What is a right discrete analog
of the first order operators nec-
essary for the construction of dis-
crete analogs of the DG (Yang-
Mills) connections? We discuss this



problem here for the group GL,, where

we found discretization different from

the standard one (invented by K.Wilson

many years ago). Our idea does not

work for the compact Lie groups. T he

Continuous DG Connection in R™
IS an overdetermined system of

linear equations 1 =1, ..., m:

0 = Aij(x)y, ¢y € R”

Curvature is an obstruction for
the solution)



or R = ¥ R;;jdx" A dz?; substitu-
tions v = G(x)¢,G € GLy, lead

to the Gauge transformations
A, — G 1A,G - G 1H,G

Holonomy Map is defined as a solution
to this system along the path Q2(zg) —
G Ly,



Discrete GL,, Connections and
Triangle Equation.

Let K be a simplicial complex
(n-manifold) with selected fam-
ily of n-simplices X and set of

coefficients bp.-p #= O for every
n-simplex T € X and its vertex
P € I'. The Triangle Operator

Q Y(T) = Y bp.py(P)

PeT
IS defined on the space of func-

tions of vertices. Its image be-
longs to the space of functions
of the simplices o € X.



T hree families X-—"black”, "white"
all”— will be especially consid-
ered: Let all n-simplices of K are col-
ored into black and white colors. VWe
have operators QY and Q¥ where

X is the set of all black (or white)
simplices (see Fig 1 and Fig 2).

T he equilateral triangle lattice in
R?2 is an important example (see
Fig 1 below).



Another example is the case where
X is simply set of all n-simplices
T € K. We call corresponding
triangle equation Q¥ = 0 the
"Discrete GL,, Connection”. Re-
mark: For n = 2 solutions to the equa-
tion Q%) = 0,bp.p = 1 are " The Dis-
crete Holomorphic Functions”. The
solutions Q%Y = 0 are " The Dis-
crete Anti-Holomorphic Functions”. (see

Fig 1). Here we have

Q" = 14t1+1, Q" = 14+t 425



were t1,t> are the basic shifts in
the lattice.

Fig 1

We consider here only the fam-
ily of all simplices. We call the
ratio’s /,L:‘L-Z;- = bT:i/bT:jaT =< 0,1,....n >

" Coefficients of DG Connection. T he



Abelian Gauge Transformations
are defined by the pairs f,g of
nonzero functions of simplices fr

and vertices gp:

br-p — fTbT:Pgﬁla Y — gpy

present the natural equivalence
group for the discrete DG Con-
nections. We have

T T
Wi — 95/ 9ilti;

and ,u;-z,z = l,ug;yﬁu%z; = 1.



Following picture explains how
Nonabelian Curvature appears for
such "connections” (see Fig 3
for n = 2). For every vertex
P we start from the vertex P;
in its star St(P). Knowing ¥ (P)
and ¢ (P1), we calculate step by
step all ¥(FPp) "along the circle”
P1P>..Pp, Py C St(P). Contra-
diction might appear after return-
iIng to the original point P in the

form of non-unit triangle matrix



Kp p,. We call it " Curvature Opera-

tor” .

Example: For bp.p = 1,n = 2
" the zero curvature” property
Kp =1 simply means that even
number of edges (triangles) en-
ter P. This case is important for

the Discrete Complex Analysis.



Fig 2 Fig 3

K>0 @ K<0

black/white colorin P 3
% 9 7P VAF P g?Fr’)

K=0 6 P5

The Theory of Abelian and Non-
abelian Holonomy and Nonabelian

Curvarure was developed recently.



The Framed Abelian Holonomy.

et oriented closed simplicial path

v =<0,1,..., N,O > be given equippe
by the sequence of n-simplices
1o,17,..., Ty such that the edge
7,7 + 1] belongs to the simplex

T; (see Fig). We call it Framed Path

v =< 0,1, ...,N,O’TO,Tl, >

The abelian holonomy along the
closed path is u(y) = Hiug:§+1.
We have semigroup of all closed



framed paths Q2(M, 0) and Abelian

Holonomy Map
w:QQ(M,0) — k¥

where k is our field.

Lemma 1:

1. The framed abelian holonomy
map w(vy) is invariant under all
abelian gauge transformations for

the closed framed paths.



2.Its image is completely deter-
mined by the quantities

T _ T T L
pii = piipg; = p(< igi|TT >)

where the edge [ij] belongs to

the intersection T'nT’, and by the
image of the homology basis p(vp)
(with any fixed framing) gener-

ating the group H1(M, 7).

3. Thereduced abelian holonomy

/
bred : H1(M,Z) — k*/UILL(p,Z;-T)



maps homology classes into factor-
group of k™ by the image of all
local gauge invariant quantities
pg;T/ for all edges [ij] and n-simplices
T,T'. (It is enough to take here
only the pairs T, 7" meeting each

other along the n — 1-face.)
Lemma 2.

1.For n > 2 every basic element
in the group H->(M, Z) provides

relation on the quantities ,o;ij/.



In particular, for n = 2 and ori-

ented closed surfaces M we have

where 0T = [i5] 4+ ...,0T" = [ji] +
..., and orientation of T, T’ is the
same as of M. For n > 2 and
A =< ijk >C TnT" we have re-
lations pZ T pTT"plT" = 1. For
v =< 0,1,..m,0|ToTy.. TmTy >
where TpNT,4 1 IS an n — 1-face,

=m TpT
p=m -pip+1 -
we have TI,_q p;; = 1. This



set of relations is complete, but
some of them may be depen-
dent.

Theorem 1. All coefficients of
the Discrete Connection are uniquely
determined by the framed abelian
holonomy u. Every homomor-
phism pn satisfying to lemma 1,
IS @ framed holonomy for some

connection.



Proof: Uniqueness: 1. Take any
star St([ij]) of the edge. Solve

In 1t the equation

TT' _ ~T ~T'

Pij — HijHjg
The chain p Is a multiplicative
1-cocycle in the dual decompo-
sition where T are the vertices.
T herefore it is possible to solve

this equation up to constant 9;;0,; =

T

L, pi; = 5ij,a:£'-



II. Now we try to solve the equa-
tion Mg;ufkugg = 1. Construct
the coboundary [ ,uw,u]k,ukz = alijk].
The identity pg;T’pfkT/png/ =1im-
plies that fil[ijk] does not de-
pend on 7T'. So this quantity is
a 2-cochain up. It is obviously
closed. If it is exact, we have

aligk] = 6;;105, 65"

Our solution is:

Uzg — /%35



T his substitution solves our equation.
Easy to see that this solution is
unique up to the gauge transfor-
mation and multiplicative one-
cocycle. Everything is fixed by
the values of u(vq4) where ~4 form
basis of the group H{1 (M, Z). So
our connection iIs unique. EX-
iIstence: It exists if all require-
ments of Lemma 1 are satisfied.
We construct it by the proce-

dure described above. For the



2-cocycle nlijk] we have:
_ /
0 AlA] =Tt
A 19

for n = 2. Here product is ex-
tended to all 2-simplices A, T, T’
with right orientation, and TnT’ =
li7]. For n > 2 similar relation
appear for every 2-cocycle im-
plying that the cocycle p is al-

ways exact for DG Connections.



Nonabelian Curvature and Holon-

omy

Consider the Thick Path T1T15... Ty,
such that T;nT;41 is an n — 1-
face A; = A;4q1. We assume
that the initial ("in"") face Ag C
T7 and final ("out"”) face A, C
T are fixed. The”in” and " out”
faces in every simplex Ty are ex-
actly A,_1 and A, correspond-
ingly, g = 1,2,...m (see Fig).The
abstract combinatorial model of



thick path is A x RT where A x0

is identified with Ag =< 0,1,...,n—

1 > (see Fig). A word in the
free semigroup of the length m
should be given A = a¥0..q""!
where Yqiq = m,1q > O. Start-
ing from Ag = A x 0, we add
new vertices step by step, Mmov-
ing along the word A from the
left to the right. For every new
factor aq we add one vertex at

the axis ¢ x RT higher than the



previos vertices (see Fig). Fi-
nally we are going to have ex-
actly 24 vertices at every angle
line ¢ x RT for ¢t > 0. Initial sim-
plex Ag and the word A com-
pletely determine all thick path
Y(np,A) [N Oriented manitolds M.

We call thick path « closed if Ay, = Ag
but this property depends on the

manifold M and initial simplex



Ag. The Nonabelian Holonomy
Homorphism is defined

Rp, @ QMR (M, Ag) — GLn(k)

solving the triangle equation along
the thick path  and making af-
ter that the permutation P which
it induces for the vertices of the
initial face Ag.

Lemma 3. The Holonomy map

Ra, IS @ homomorphim of the



semigroup of thick paths Qi ck(pr, A
into the group GLn(k).

The Nonabelian Curvature around
the simplex ¢ =< 01..n — 2 > IS
a nonabelian holonomy Ra (k)
where Ag =< o,n —1 = [0] >
and k = a,' ;. Here m depends
on o in such a way that this thick
path "around ¢" iIs minimal closed

(see Fig). The simplices Tp,p =
1,2,..m,m—+ 1 ~ 0(modm), look
like < o, [p—1],[p] >, p=1,...,mg ~



0, with last pair [p], [p+1] on the
axis a,,_1 (see Fig)

AZ =< o, [p] >, Al =< o, [p—1] >

Lemma 4. The nonabelian cur-
vature map has a form KU’[p] —

Arptm—1]---Afp) Where Apyis a lower

T
triangle n-matrix with 1,...1, M[ﬁ+[,10+1'

along diagonal. The only non-
trivial row is the last one. It is
defined by the simplex T[p+1] =<

07 ...,TL—Q, [p]a [p_l_l] > —¢[p_|_1] —

n—2 T, n
= o110 + iy st




Ap(wq) — wa q — 07 17 ceey TV — 2

So the diagonal part of curvature op-

erator is (1,..., ug =

p+m—1 )
= (-1)™ H u[;] sp1] = det Ko)
Its last row Is ay; g [p]s -3 Qg n—2 [p]> Bo WHere

qe<0,1,...n—2>p=1,2,....m

We call a; 1,1, po the Local Cur-
vature Coefficients. The Con-

nection is locally SLy if uo = 1.



The Connection is locally Flat if
Ks; =1 as a matrix.

Lemma 5. T he coefficients of Lo-

cal Curvature are equal to

k=m—1 T

_ k+1, Tp—k
Yo,q,[p] — kgo (D" g i ¥

k=1 1
X(H “[p s+1] [p— 3])

Lemma 6. The o coefficients
transform as 1l-cochains, ugs IS
invariant under gauge transfor-

mations. The quantities O‘aq p] =



Ty . .
Yo 0,11 p] . are gauge invariant,

k I
and Yoq,lp+1] =

* Tpr—I—l
_O‘U,q,[p]/p[p],q T 1= o

Theorem 2. The gauge invari-
ant Curvature coefficients can be
expressed through the abelian data:

« _ k+1 Lp—j+11p—;
g lp) = kZO]H()( D" g



Following formulas are true for
all g =0,1,....,n—2 € 0o

Tplp+1

o.lp] T (=)o

Hp

p=
The inverse expressions are valid

INn generic case where all coeffi-

cients o*, a*— 14 us are nonzero:

TpTp41
Plpl,lp+1] —

= ag o /1% g pr1) — 1+ po}



For the locally SL, connections
we have us, = 1, so the condi-
tions like @ = 0 do not depend
on the initial point [p] € St(o).

We did not developed yet the
theory of characteristic classes
l.e. topological invariants of con-
nections. In continuous case they
are Tr(R AN ... \R).



