ADAMS OPERATORS AND FIXED POINTS

S. P. NOVIKOV

ABSTRACT. The aim of this article is to calculate the Conner—Floyd invariants
of the fixed points of the action of a cyclic group, by analogy with Adams
operators. We shall correct the mistakes made in a previous article.

First of all, let me state that Appendices 3 and 4 in my article [2] contain
fundamental errors. In particular, an internal contradiction in the formulas of
Theorem 3 in Appendix 4 was pointed out to me by G. G. Kasparov, a student of
the mechanico-mathematics faculty of Moscow State University. I am grateful to
him.

The main aim of this article is to calculate definitively the Conner—Floyd func-
tions agn—1(21, . . ., Zp) or fixed points by means of “Adams operators” in cobordism

theory, introduced by the author in [2]*.

I. CORRECTION OF THE ERRORS IN APPENDIX 3 IN THE ARTICLE [2]

In Appendix 3 in the article [2], Lemma 1 and the construction of the cell com-
plexes Sx in the general homology theory of X* are incorrect.

The basic Theorem 1 of this appendix is correct, since it follows from the Adams
spectral sequence in the cobordism theory (this was shown in a footnote on p. 945).
Here, by definition we must have U, (X, A) = U (X), k«(Z), K.(X), Hi(X) for A =
Qu, Z[x], Z[x, 27, Z and U*(X, A) = U*(X), k*(X), K*(X), H*(X) for the same
Q-modules A. This theorem follows easily from the identities

U.(MU) ®@q A=U.,(MU, A)
and
Homgq (U.(MU),A) = U*(MU, A),
which reduce the second term of the Adams spectral sequence to the form
Torq(U.(X),A) or Exto(U«(X),A).

Theorem 2 is correct if we replace k. by k.(Z,), since here the construction of
the cell complex is correct.

In the remaining cases the construction of the cell complexes is also correct, for
example S, (BZ,) and Sy(BZ,). Therefore all the applications of the results in
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Appendix 3 to the classical lenses in Appendix 4 are correct (but other mistakes
occur there).

II. CORRECTION OF THE ERRORS IN APPENDIX 4 IN THE ARTICLE [2]

In Appendix 4 two problems were solved:

1. A complete calculation of the bordisms and cobordisms of the space BZ, by
means of Adams operators in U-theory, and also a description of the structure of
the automorphism \,: BZ, — BZ,, which is generated by multiplication by an
invertible residue « € Z, (Theorems 1 and 2). Here there are no errors.

2. Calculation of the symmetric functions asn—1(2, ..., 2n) € Usn—1(BZ,) on a
set of invertible residues z,...,z,, defined by the action of the group Z, on the
sphere 5?"~! linear in the complex space C™ and given by a diagonal matrix (a;;),
where aj; = 273 /P,

We formulated three obvious requirements that these functions must satisfy:

a) vagn—1(x1,...,x,) = :Ul_l o---ox,tas, 1, where as,—1 € Ha,—1(BZ,) is a
standard basis element and v: U, — H, is a homomorphism of the augmentation
(“normalization condition”).

b) (Ae)sa2n_1(1,...,1) = ag,_1(z71,...,271), where \, was described above
and (Ay)«: Uzp—1 — Uap—1 (“values on the diagonal”).

¢) If two relations of the following form hold:

Z 'yt(l)OzQ(k_i)_l(:c(ﬁ, e ,$§€lli7t) = O,
i,t
Z 5£j)a2(l—j)—1(y£23 DR 7yl(i)]75) = 0
7,8
() €y, o) eap),

then their “direct product” is also a relation of the form

Z 'Yﬁl)égj)az(kﬂfifj)*l(mgl,zt’ > -’xl(clzi,t’ygz’ e ’yl@j’s) =0

,7,8,t

(“multiplicative condition”).

We also showed that from these three conditions we can recursively calculate the
values of the functions ag,—1(x1,...,2,) in terms of ag,—1(1,...,1), and we gave
the result of the calculation for n = 2, 3 (Theorem 3). This theorem is not true.
The error lies in the fact that on page 946 (bottom) the elements agn—1(1,...,1)
are incorrectly identified with the elements vy, 1, which are canonically conju-
gate to the basis (vu*) in the complex Sy;(BZ,). In fact (va,—1,vu™"1) = 1 and
(V2 _1,vu*) = 0 for k # n — 1. In fact, we have the formulae

(02n-1(1,...,1),0u""1"%) = [CP*] € Qp,
OéQn_l(l, ey 1) = Vop_1+ [Cpl}l}gn_g + -4 [Cpnil]’Ul. (I)
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Also, on page 946 we wrote z instead of 2! throughout, and in Lemma 3 we

must write
2 3
¥ -z
e e— [CPl]’Ug,
2
changing the sign of the second term. A correct recalculation leads to the following

formulae:

(Az)svs = 205 +

a) a1(z7h) = zai(1);

CP!
b) ag(x_l,y_l) = 0'2043(]_71) + (0’1 — 202)[ 2 ]0[1(1);
CcPp!
¢) as(zy™t 27 :J3a5(1,171)—|—(02—303)[ 5 ]ag(l,l)
cP'? 2 — 20103 — 305 ([CP?] [CP']?
+ (o1 —202—1—303)[ 1 ) a (1) + %2 U;ZS 73 <[ 3 l_1 7 ] )011(1)7

(IT)

where o are the elementary symmetric functions. In general, we have the following
simple

Lemma 1. The normalization, multiplicative, and value-on-the-diagonal conditions
formulated above completely determine the functions asy,—1(x1,...,xy,) for allp >
n.

For the proof of the lemma we first consider primes p > n. By the normalization
conditions we have

Qon_1(z7t, . D —opann_1(1,...,1) = Z%‘n) (x7t, ... ,x;l)az(n,i),l(l, 1)
i>0
If we know the functions a1 for all k < n, then, by virtue of the multiplicative
condition, we can use the relations written above to form various relations for as,, 1

for all possible x1,...,2,. These are linear equations that are non-homogeneous,
since we know ag, _o(z7 %, ..., 271). It is easy to see that this system of equations
reduces to triangular form. First we find ag,_1(z71,1,...,1), and so forth. This

implies Lemma 1. For the remaining p the proof is similar, but the linear equations
will not be over a field.

Remark. It is possible in principle to find various relations on asg,—1(z1, ..., %),
by constructing a large number of examples of actions of Z;, on complex manifolds,
and then to calculate ag,_1 recursively. Such a method of calculation was realized
by G. G. Kasparov for n = 2, 3, and he obtained the formula (II) in a differ-
ent manner from that used here. His method requires the essential use of certain
constructions and theorems of Conner and Floyd. Kasparov first observed (from
(n)

geometrical considerations) that the coefficients ~;

in ag, 1(x71,1,...,1) =
ragn—1(1,1,...,1) + >0 'yi("). @a(n—i)—1(1,...,1) depend only on i for i < n.

This fact will be proved by algebraic methods and will be used later.
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III. THE COMPLETE CALCULATION OF THE FUNCTIONS (ton—1(Z1,...,Tp)

We shall seek the functions agp—1(x1,...,2n) € Usp—1(BZ,) in the form
1

a2n71($17-~-awn) —Qop— 1 +Z’7(n) C517"'7 )a2(n7i)71(1>"'51)7
On
>0
where vgn)(xl, ..., Ty) € Qu, assuming by definition that ay(,—)—1 = 0 for i > n.

We denote by u € U?(BZ,) the canonical two-dimensional cobordism class.
Clearly we have

WP Nasn_1(1,...,1) = agpopy-1(1,..., 1),

where N is the Cech “excision.” We denote by Lo, C BZ, the (2n—1)-dimensional
skeleton formed by the classical lens with weights 1,..., 1, that represents the class
aon—1(1,...,1). The Poincaré-Atiyah duality operator for Ls,_; is denoted by
D, : Ui(Lan-1) — U*(Lan—1). We observe that Ux(Lon—1) = Up(BZ,) for k <
2n —1. Therefore we can assume that ag(,—gy—1(21,...,2n) € Us(Lon—1) for k > 0.
We have the formulae

Dn+ka2n—1(17 L) 1) = uka
Dpyron_1(x1,.. . 2,) = uFBy(uszy,. .., ), (I11)
where B,,(u;x1,...,x,) does not depend on k. Here u"** = 0. By definition
Bn(u;xlw"a +Z (n) ’L:iDn%»kaQn 1(£81, ,xn)
i>1
Since for B, (u;x1,...,x,) only the first n terms in the power series in u make
sense, we can consider By, (u; 21, ...,2,) to be an infinite series and at the end take
" =0.
Our problem is to find a sequence of series
1 1
Bi(wiz) =~ +..., Ba(wsz,y)=—+...,
T Ty
1
Bs(uyz,y,2) = — +
TYz
and so on, where in calculating as,—1(z1,...,2,) we consider only the first n
coeflicients. Namely, if
Bn(UQI'l»"'axn):x +ZW(") '
i>1
then
1
2n-1(21, ..., 2p) = ;na2n—1(1 )+ ZV 2(n—i)-1(L,-..,1),
since agp—2;-1(1,...,1) =0 for i > n.

The following important result holds.
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Lemma 2. The sequence of series By, Ba, ... is multiplicative in the sense that

n

Bh(u;xy, ..., xy) = HB(u;xi),

i=1
where B(u;x) = By (u;z,1,...,1).

Proof. We seek functions aay,—1(21,...,2,) as if Lemma 2 is true. Having found a
solution (see Theorem 1 below) we see whether these functions satisfy the normaliza-
tion and multiplicative conditions (the diagonal values will be used in determining
the solution, so they will automatically be consistent). From the equations (VIII),
which follow from Theorem 1 (see below), it is clear that all of the requirements
are satisfied. Therefore Lemma 2 follows automatically by virtue of Lemma 1. O

Thus the problem reduces to finding the series

B(u,z) = lim By (u;z,1,...,1).

n—oo

For this purpose we use the automorphism A, : BZ, — BZ,, generated by multi-
plication by « € Z,. Recall that in cobordism theory the Adams operator ¥* = ¥
is given by the series

U (u) = 2~ g™ (zg(w),

where

= [CP"]
g(u)zz[nJrl]u +1
0

(the “Miscenko series”) and g1

Ap(u) = 20 (u) = Y ¢i(x)u'™,

i>0

is the inverse series. By definition we have

where ¢;(z) € Qp.
We now use the general identity

fe(f*(a) Nb) = an fi(b) (V)

for arbitrary transformations f,a € U*, and b € U,. In this identity we substi-

tute f = Az, @ = u, b = aguy1(1,...,1) and observe that f.agr—1(1,...,1) =

asg_1(x~ Y, ...,27t) for all k. Then from (IV) we obtain the equation

()\w)*(x\I/T(u) N a2n+1(1, ceey 1)) = Z (bi(x)agn_gi_l(l‘_l, e ,.’I,‘_l)
>0

=uNagnpi(z™ . 27 =" Mag,_1(1,...,1)

(oo}
+ Z’yz(n+1) (]]—1, . ,.T_l)()(Qn—Qi—l(l) RN 1) (V)
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When we apply the operator D,, to this equation, we find (bearing in mind that
u™ =0 and n — 00):

n

> 6u(@)B" (st = B (wia ), (V)
i>0
where ' _
B" "(u; ™)' = Dpogn—gi—1(z, .. a7 h).

We divide the equation (V') by B"*1(u,27!)/u. Then we obtain

where
2O (v) = g~ Hwg(v) =D pilx)o"t!
i>0
and P
— n+1
9(v) = nzz:o ntl’
Therefore

u= m_lllfxfl(u)B(u, z 1)
and the series B(u; ) is of the form

n
u

- 0% (u) ;

u

Bn(u;z1,...,0,) = Hi (VII)

=1
Since agp—1(21,...,2n) = Bp(u;z1,...,2,) N agp-1(1,...,1), (VII) implies the
following definitive result.

Theorem 1. We have the formula

u
OéQn_l(.Tl,. ..,xn) = Hm mOZQTL_l(l,...,l),

i=1
where cpn]
l:[la: _ —1 _ n+1
20 (w) = g7 wg(w), 9=
n>0
(observe that by definition au® N aoni1(1,...,1) = acsn_ors1(1,...,1), where

a € Qp is an arbitrary “scalar”).

If the group Z, acts in a complex manner on the manifold M" with fixed points

P1,...,Pg, at which it has a collection of weights zgj), e ,xﬁf) €Zy,,j=1,...,q,
then we have the equations?

q
j=

U H - =0, (VIII)
i=1

u
R

2These equations will be referred to as the Conner—Floyd equations.
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where u is a formal variable that generates the ring Qy[u] with relations p¥?(u) = 0
and u"*t! = 0. We take p to be a prime.

IIT'. IMPLICATIONS OF THE CONNER-FLOYD EQUATIONS

For transformations with isolated fixed points (¢ of them) the equations (VIII)
are actually S(n) numerical equations mod p, at least for large primes p > n,
involving the gn variables xgj ) e Z,, where xgj ) # 0 mod p; here S(n) is the number
of symmetric polynomials in n variables of degree < n (or S(n) = >_,_,tk Q). We
observe that the collections of weights {xgj )} of the action of Z, are geometrically
indistinguishable if we perform an arbitrary permutation of the indices i and the
indices j and multiply the whole collection {xfj )} by a number A #Z 0 mod p. In

fact the equations (VIII) are defined on projective space P4"~! over Z, with the

hypersurfaces P;; [:zzgj ) = 0] eliminated. Therefore the “manifold” of types of action

of Z, lies in P11\ |, ; Pij, factored by the product of the permutation groups
Sy, xSy (see [2]).

From (IT) we can already draw certain conclusions:

1. For n = 2 and p = 3 the number ¢ of necessary fixed points of the action of
Z3 cannot be two. For n = 2 and p > 5 we can have an action of Z3 with two fixed
points.

2. For n = 3, unlike the case of n = 2, we can have an action of Z, with two
fixed points for p > 3.

3. For n = 3 and ¢ = 2 (two points), of the four equations (II) (since S(3) = 4)

2 172
is a consequence of the other two, since the coefficient of (@ — %) ay(1) is

a homogeneous function of 01,045, 03 of degree 1. Therefore it changes sign when
the o; change sign. For the two points P! and P? the Conner-Floyd equations (II)
and (VIII) require a change of sign. This fact is an accidental coincidence.

4. Since for arbitrary ¢ the number of equations S(n) grows much faster than

gn (namely, S(n) ~ 27“1/%677 % (1+0(n™1))), for each number ¢ there exists an

n = n(q) such that for N > n(q) we know that every complex action of Z, on
N-dimensional complex manifolds has more than ¢ fixed points.

However, a rigorous proof requires a demonstration of the independence of ap-
proximately S(n) of the equations (VIII), at least for large p. In view of possible
coincidences, as in the preceding subsection, this requires an additional algebraic
analysis of the equations.

5. We consider the real case corresponding to a change from U,-bordism to SO,-
bordism. Here we restrict our attention to groups of odd order. The corresponding
functions will be denoted by

off, i (z1,...,2,) € SO2n_1(BZ,),

where afn_l = ryQon_1, T«: Us — SO, is the realizing homomorphism.
Clearly the functions possess the following symmetry:

Olé%nil(—l‘l, Tt —.’L‘n) = _aé%nfl(xla v axn)a
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corresponding to rotations of the sphere S27.

The Conner-Floyd equations (VIIIg) are obtained from (VIII) by means of the
realizing operator r,. These are actually S(k) numerical equations for dimensions
n = 4k + 2 and n = 4k + 4, since

n—1
S(k) =Y 1kQso ® Z,,.
i=0

If there is no general interdependence between these equations apart from the
symmetry indicated above, then, as in subsection 5, this implies the following result:

a) If the number of points ¢ is odd, then there exists a dimension n(g) such that
on manifolds of dimension N > n(g) there is no action of Z, with ¢ isolated fixed
points.

b) If ¢ = 2¢t, then for dimensions N > n(q) every action of Z, is such that
the points P1, ..., P, split into pairs Py, Py, ..., Py, P; for which the collections of
weights of the points P; and P; are opposite in sign.

Here p is odd and the manifolds are even-dimensional and orientable. The di-
mension n(q) can be calculated if we know the number of independent equations in
(VIIIg). If this number increases faster than linearly, then the result is true. If it
increases more slowly than pn, then n(q) = co.

Apparently this number increases as S(n/4), but I have not been able to prove

it;
S <E> ~ 1 67‘—/2\/?.
4 47/ 2n

IV. NUMERICAL REALIZATIONS OF THE CONNER-FLOYD EQUATIONS

How can we find these equations most effectively? Here
U =2 tg  (zg(u)),
where cP
— 1 n+1
9 Z n+1 u :
Since C'P™ is algebraically independent in g, then g is practically a series with

i—1 7wy s of the form > >0 %-(n)u", and
sometimes it is possible to calculate effectively some of the Chern numbers of the
coeflicients 'yl-(n), which gives various numerical realizations of the equations (VIII).
We introduce the following important examples of such realizations:

a) T-genus (corresponding to the homomorphism U* — K*). Since T[CP"] =1
and T(M x N)=T(M)T(N), g(u) goes into

gr(u) = Z Ztl =—1In(1 —u).

arbitrary coefficients. But the series ]|

‘We have

u

gr'(u)=1—¢
and
T(xP®(u)) =1— (1 —u)”.
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Finally we obtain the equation

Z H e =0, (VIII7)

where
u"tt =0, k(l—(l—u)p):O, k> 0.
b) L-genus (signature). Since L[CP?"] =1, L[CP?*"!] = 0, g goes into
u?ntt 1 14+u
gL—Zan 21n<1—u)
and
gzl =thu
Therefore

g ognw) = th (51 (1

‘We have the equation

Z Hu - +$_Z§m‘”’ (VIIL,)

where
"t =0 uk(1+u)p_(1_u)p20 k> 0.
O ) (e )
¢) The Euler characteristic ¢ (of the tangent bundle). Since ¢, [CP"] = n+1,
it follows that

u _ u
ge(u) = 1-u and g ! = w1l
Therefore
1 . ux
0. (o) = 7m0

We have the equation
(4)

Z Hl_““”: -0, (VIIL,)

where
Wt =0, WF—LPY _o k>0
1—u+pu
d) The t-characteristic, which selects polynomial generators in y,
tr = cuy, w = (k). We observe that t(M? x N7) = 0 for i > 0 and j > 0. Since
t{[CP"] = n+ 1, it follows that
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o), (- )
S (-t ) - (o))

100Xy

and

LI:[l ;Ui (u) . o

Finally we have the equation

S (1—1fu+1f2:3>) —(n—1)
Zu 0 o...o;gﬁ : (VIIL,)
where

=0, «*pYP(u)), =0, k>0.

V’. Q-GENERA OF GENERAL FORM

We obtained four types of numerical equations. It is possible to deduce a general
numerical equation corresponding to a multiplicative Hirzebruch sequence of Chern

classes Q(z) = 1+ a1z + azz® +.... Of special interest are the A-genera
z/2 - 2z
A= = d A=—.
Q) shz/2 an sh2z

where A = €/2T. We can only use an A-genus for odd p in view of the lack of
spinors. For an arbitrary multiplicative sequence W (z) we have a Q-genus Q[M"],
and we must calculate

QCP" et B
95" 95" (zgq) and u/gg (zgq).

n>0 n+l
Since Q[CP"] is the component of z" in the series Q"1 (2), it follows that
1 Q" (2)
CP"| = — —Fdz.
Q[ ] 27 - n+l z

Hence we obtain

de nyn = 1 Q(z)u\"™
=) _Qlcr _2munz>%/|z|_g< P > dz

n>0
u@

z

Sy TR
" 2mi _ “Q(Z) d 2mi ) z2/Q(z) —u’

000 = 5 | 70

for small u. Integrating with respect to u, we find that

lul<| gt

Therefore
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Let ¢(z) = a6 and let ¢~ (v) be the inverse function. From the form of g¢(u)

we have that
v

Q(v)

gq(w) = ¢~ (u), g5'(v) =

Therefore
-1 r9Q
95 (xgo(u)) = .

Consequently, the general Conner—Floyd equation for a @-genus takes the form

Z H Qx(j)gQ ) -0,

i .%‘ gQ() (VHIQ)
ntl _ k_PgQ(u) _
R0 Y kgt~ P20

where

N QICPY L ga(w)
gQ(w_g% ntl " i Qgq(u))

We consider the case Q = ¢ = 1—41_2, Q = A and Q = A. The functions are
everywhere to be understood as formal series in u, where

ala—1) ,
5 Yo+ .

e) The normal Euler characteristic ¢. Since Q = 7 H, it follows that
1

go(u) = 5(\/1 +4u —1).

(I+y)*=1+ay+

Therefore

Wi+ au— 12+ 2(VI T du—1)).

9 (©9Q) = 5

We have the equation

Z H4 2+x“ (VI+du—1))~!

—0. (VIIL,)
(«/1 +4u—1)
where
u"tt =0, ukgél(ng(u)) =0, k>0.
f) A-genera:
z/2 - 2z
@ shz/2’ @ sh2z

For an A-genus we obtain
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g1 (rga) = 2sh (xln <Z—|— 1—1—112))
=<;+\/1+T> —<g+ 1+1f> .
Finally we have the following equation for odd p:
> u]l - = =0.
7o <3+m> - (Z+ 1+7ﬁf) (VIIL,)
u"tt =0, uFgit(pga(u) =0, k=>0.

By analogy we write down the equations (VIIL;), (VIIy), (VIII;), (VIIL.),
(VIIL), (VIII4), (VIII;) for the case in which we have an action of the group
7, for which all fixed manifolds have a trivial normal bundle.

Furthermore

V. GLOBAL INVARIANTS OF THE MANIFOLD CARRYING THE ACTION OF Zp

Here we consider the problem of calculating the characteristic numbers and in-
tegral ()-genera modulo p of the manifold M™ that carries the action of Z,. For
simplicity we limit our attention, as before, to the case of isolated fixed points
P1,..., Py of the whole group as the only singularities. Let the weights (for the
point P;) be xgj), e ,gcgf). This problem was solved for a number of cases by Con-
ner and Floyd. However, due to its simplicity, we shall indicate its solution here.
In fact, the answer follows easily from an old work of Tamura [1] in which he con-
structed classes (Pontrjagin, Chern) of p-manifolds. In addition, I may remark that
if, in the case considered by Tamura, the action without fixed points can be ex-
tended from the boundary OM onto M, then all the Tamura characteristic numbers
are equal to zero mod p.

We consider the Tamura p-manifold M™(z1,...,z,) = D*", Z,(0D*"), where
Z, acts linearly on S?"~! with weights x1,...,z,. Tamura calculated his classes
for M?(zy1,z2), writing down an awkward answer. The general answer for the
Chern—Tamura number ¢, [M"(z1,...,2,)] is of the form

Vo (1, Tp)
CW = )
T10--0Ty

where dimw = n and v, = Y ! o---ox{" is a symmetrized w-monomial. Hence

we obtain in a simple way a formula for the action of Z, on M™:

q (4) ()
SOl o) M) (mod p), (1X)
2o 0l

For large primes p > n + 1, this formula also correctly describes T-genera, L-
genera and A-genera. For primes p < n + 1, the formula is incorrect for these
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Q-genera. For example the formula
n (9)
T, 1
T= Z lH lww} TH
j i=1 1 — € @ n Tn
contains p in the denominator for p < n+1. Thus it must be interpreted as follows:

if the i'gj) are integers such that g’cl(j) (mod p) = ;vgj)

no )
> [H ] = T[M"] (modp),  (IXy)

i—11l—e

, then we have the formula

oo (mod p)

where the divisibility by p of the expression in parentheses is a consequence of
equations (VIII) for the weights xgj ) of the fixed points. In the holomorphic and
real cases, the formulae (IX), (IX7), etc., can apparently be derived from the results
of Atiyah and Bott [3] and some methods from number theory.

For the L-genus, the A-genus and any other Q-genus the proof is similar.

VI. THE ACTION OF A CIRCLE WITH FIXED POINTS

We shall consider complex actions of the circle S* on a manifold M", having
only isolated fixed points for the whole group (for subgroups there may also be
other singularities). At each of these fixed points P the action of S! on the tangent
space Tp is given by a diagonal matrix Ap(¢), where the a;;(¢) = @i ¢ € S*,
z; are integers.

We let 7 denote the collection of all primes that divide the collection {x;}, and
we let Z, denote the completion of the integers in the topology in which the open
sets are the ideals generated by all the numbers that are relatively prime to the
collection 7. Let G = Char ZA7r be the group of characters.

It is easy to see that the representation Ap(¢) determines a quasi-complex action
without fixed points of the group G on the sphere S?"~!, enclosing the singular
point P, with weights z;, where the action of a character h € G, = Char Z is
given by the action of the element h(1) € S*. This action is determined by the
collection of integers {z,}, which may depend on the collection of primes 7.

By definition, the group of complex bordisms BG for the group G is the collection
of pairs (M, Q) of quasi-complex manifolds with the corresponding action of G
without fixed points, identifying pairs with respect to cobordism. We call dim U —
dim G the dimension of a pair.

Suppose that the action of S* on the manifold M™ has fixed points P, ..., P,
()

with weights z;”’, i = 1,...,n, j = 1,...,q. Then we take 7 to be a collection

from all the primes that divide the set xz(-j ) and define Zn analogously. We set

G, = Char Z,.
The linear representation Ap, (¢) at the point P; on the sphere 52"~ determines

an element a(xgj) ...,xg)) € U.(BGy).
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Clearly we have the (“Conner-Floyd”) relation

Za(x&j), oz =0,
Pj
where G, = Char Z,.
We have the following simple

Lemma 3. For the natural homomorphism G, — S the induced mapping
p: U (BG,) ® Zy — U, (CP™)® Zy
is an isomorphism.

Later we shall consider the functions
pa(:r(j), 2 e U(CP®) @ Zy,
and denote them by /B(x(lj), . ,:r%j)), where xgj), . ,a:g) are integers that are in-
vertible in ZAW.
How can we calculate the functions G(x1,...,z,)? _
If u € U?>(CP™) is a canonical element and the o = CP? € Uy (CP*>) are
standard bordisms, then we have the following obvious formulae:
a)u Na; = Qs
b) ﬁ(l, ey 1) = -1,
o B(L,.... ) =B, 1),
where )\, : CP>® — CP> is generated by multiplication by x in the group S*.
d) A:(n) =n*, where n € K(CP*) is a canonical one-dimensional bundle;
e) \i(u) = 2¥%(z), where u € U%(CP*) is a canonical element.
As for the case Z,,, so also here we seek a series B(u;x) such that
ﬂ(xlv‘ . '7xn) = HB(uaxz) Nap-1,
i=1
where )
Bu;x)=—+4....
(wa) =+

By repeating the arguments employed in the proof of Theorem 1, we finally
obtain the following assertion.

Theorem la. We have the formula

n

u
ﬂ(l’l,...,xn) = Hm man_l,

i=1
where the x; are invertible elements in Z,, and
B(x1,...,2p) € Usn—o(CP®)® Zr, «a; = [CP'].
Let us make a few remarks about other groups. For a torus the investigation

is completely similar. Also, it is easy to carry it out for compact (connected)
commutative groups.
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VII. ARBITRARY FINITE GROUPS

It is known (Zassenhaus) that groups G that can act discretely and orthogonally
on spheres have cyclic Sylow p-subgroups for p > 2 and highly special 2-subgroups
(“generalized quaternions”). Therefore their homologies can be analyzed very sim-
ply. Let G be such a group and let {Ay,...,A,,} be its complete set of unitary
irreducible representations, acting discretely on spheres. Then all representations
A such that A = )" kjAj, k; > 0 also have this property. We denote this semigroup
by RJCE. The following functions are defined on RJCS:

a(A) € Us,—1(BG), A€ R, n=dim.A.

The function of the Euler class in cobordism theory (or the older Chern class),
on(A) € U(BG), A € K(BG), is also defined. We observe that for sums of
one-dimensional fibers n = > 7; we have

on(n) = Hol(m),

and if n; = n*, then, by definition,
on(m) = [[o1(n™) = [Tz %" (o1 (n)).
i=1 i=1

Theorem 1b. We have the following general formula:
o O’n(Al)
O[( 2) - O'n(AQ)

where dim. Ay = dim. Ay =n, A; € Rg.

ﬂa(Al) c Ugnfl(BG), (X)

For commutative groups we proved this formula earlier (cf. Theorem 1), since
for the canonical representation 7 of the group Z, we have a1(n) = u € U?(BG)
and o1(n®) = 20 (u).

In the general case the proof can be reduced to Theorem 1 by the usual arguments
involving restrictions to the Sylow p-subgroups. Since for all p > 2 they are cyclic,
the formula (X) will have been deduced from Theorem 1 if we tensor multiply it by
all the rings of p-adic integers for p > 2. For p = 2, we must analyze the 2-groups,
i.e., the groups of generalized quaternions G%, t > 2:

a,be G, a2 = bt = 1, b= a2t71, aba™t =b7L.
In view of the simple structure of these 2-groups, the proof can be carried out

by direct calculations, and we complete it below in examples 1 and 3.

Remark. The first coefficient o, (A1)/0,(A2) = y(A1,A2) + ..., where v is a
scalar, determines the degree of the equivariant sphere mapping $2"~1 — §2n—1
with respect to the actions of Ay, As.

Example 1. Let G2 = G% be the group of quaternions (of order eight) with
generators a and b and relations a?> = b?> = (ab)? (center), a* = b* = 1 and
aba™! = b~!. There exists a unique irreducible representation A € Rg, given
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by the Pauli matrices and acting discretely on S3. The ring of representation
has a basis 1,A,a,b,¢c € Rg,, where dimA = 2, dima = dimb = dime = 1,
and a® = b = =1, ab = ¢, A2 = (1 4+ a)(1 +b), aA = bA = A. There
are defined elements aq;_1(kA) € Uy,—1(BG2) and the dual elements w’, where
w = 09(A). The element a € G5 generates the group Z4, and when restricted to Zy,
the representation A becomes p + p~!, where p is the basis representation (62”/ 4.
The order of the element oo(p+p~1) in the group U*(Ly3) equals 22¥*1 because
of previous results about Z4, where Lyx3 is the lens of dimension 4k + 3 over Z4.
Clearly
oa(p+p ) = Dag,_1(1,—1,...,1,—1).

From the properties of the ring Rg it is easy to conclude that the orders of the
elements

o1(A) = ajw’ (a5 € Q), o02A) =w

do not exceed 281, Hence 2%w # 0 and 22**1w = 0. Therefore the restriction of
this cyclic group to U*(Lyg+3) is a monomorphism. We must consider the elements
a(kA) € Ug_1(BG3). On the basis of the above, their orders equal 22*+1 and
wl Na(kA) = a((k — j)A). Since the restriction of the elements w’ to Z4 equals

os(p+p7 ") = [T (w) T (w)],
from the equation 4904 (u) = 0 it is easy to derive relations in the Q-module between
the w? for various j, and apply this to the action of G on M™, having the manifolds

M of fixed points of various dimensions with trivial normal bundles (i.e., of the
form [M7] x a((n — j)A).

Example 2. Let G be a group of order 120, acting discretely and unitarily on
S3 GJIG,G] =1 and 1 — Zy — G — S& — 1, where S5 is the group of even
permutations of five elements. The Sylow subgroups of G are Ga, Z3, and Zs,
and the corresponding “Weyl groups” W, (G) of inner automorphisms of G that
preserve the Sylow p-subgroups G, Z3, and Z5 are of the form: Wy = Aut G = Ss,
W3 = W5 = Zo, where W3(G) and W5(G) act by the automorphism x — =1 on Z3
and Zs. We observe that the restrictions of cohomologies, K-theory, and U-theory
to Sylow subgroups are invariant with respect to W,(G). There are two irreducible
unitary representations Aj, As € Rg that act discretely on spheres (namely, on
S3). Their restrictions to Gy, Z3, and Zs, respectively, are of the form

A1 - [A(G2)7x + x_l(Z?))’ L+ t_l(Z5)]7

Ay — [A(Ga),z + 27 H(Z3), 12 +t7%(Zs)] (XD

where © = (e2™/3), t = (€27"/°) are basis representations. There exists an outer
automorphism x: G — G such that *A; = A,. We observe that H*(BG) = Z129[y],
dimy = 4. The following “Conner—Floyd elements” are feasible: a(kA; +1As) €
Usgtak—1(BG). By virtue of the structure of the ring H*(BG), the collection of
elements a(nA;) € Uyy—1 is a complete basis of U,(BG) as an Q-module. Let
w = 02(Aq). Clearly

w! Na(nAy) = al(n —5)A).
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From the formula (XI) and Theorem 1b we conclude that

wl

Ot4k_1((k‘ — Z)Al + lAQ) =~ n Oé(kAl)
JQ(AQ)
where this formula may be restricted to Zs, since A; and Ay coincide when re-
stricted to Go and Zs3. After restriction to Z5 we obtain

4 !

2) (0/02(2)) = (st ) € U*(BZs),

b) w/oa(Az) =1+,
where 7 has order 5" in any n-dimensional skeleton of BG; on such a subgroup
the restriction to BZs5 is an isomorphism.

When we write U,(BG) as the sum of its p-adic parts for p = 2,3,5, then, in

principle, we can use the preceding formulas to carry out all the necessary ring
calculations and draw conclusions about the fixed points.

Example 3. Let G = GL, t > 2 be the group of generalized quaternions with
generators a,b (a* = b2 = 1, bab~! = a~! and b2 = a?). Since G/[G,G] =
Zy X Zay_1 with generators a and b, the group H has 2° irreducible one-dimensional
representations
2 2t71 .
17T]’p7p7""p ’np""7np‘]7
where n(a) = =1, n(b) =1 and p(a) =1, p(b) = 3T
Also, the group G has 2/=2 irreducible representations A1, ..., Ag;_ of dimen-
sion two, acting discretely on S®. Namely, Aj(a) = io,; Aj(b) = iajo,, where

Oz, Qy, 0, are the Pauli matrices, and the o; are numbers such that a?%l = —1 for
t>2 02= 05 = 1. There exist in all 2¢=2 distinct roots aj of —1 to within sign

(aj, —aj), determining the representations Aj, j < 2t=2. The restriction of the
representation A; to the cyclic group Z§ = (b) produces an element p?—! 4 pt=2i,
where a; is the (2j — 1)-th power of a primitive root of 1 of degree 2°. The general
form of the elements is «(}_ k;A;) € U.(BG), where the “initial” elements may
be taken as the collection a(kA1) € Uy,—1(BG); all the remaining elements are
expressed in terms of these with coefficients in Q. Similarly we introduce the
elements w* = 0§ (A;) that are dual to the elements a(IA;). It can be shown that
on the Qp-module Qw] € U*(BG) the restriction to the cyclic subgroup Z% = (b)
is a monomorphism. This follows from the Atiyah identity K (BG) = Ry and the
Conner-Floyd homomorphism o;: K® — U? by analogy with Example 1. Thus,
the order of the element

OZ4k_1(21‘1 — 1,1 —2x,...,20, — 1,1 — 2$k> S U4k_1(BZ2t)

equals precisely 2¢72(:=1) which is also the order of a(}" A,;). Therefore all the
calculations connected with Qp[w] can be performed after restriction to U*(BZat),
and w; becomes —(2j — 1)2W2 =1 (u) W27 (u), where u = 01(p) € U?(BZa:).

Examples 1 and 3 prove the formula (X) of Theorem 1b, since it was proved
earlier for cyclic groups (in Theorem 1).
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A final remark on the actions and possible singular orbits of these actions for fi-
nite groups G on complex manifolds (we assume that all singular orbits are isolated):
we must consider stationary subgroups of orbits Gp C G at their fixed points P
such that G'p acts on the tangent sphere S?"~! at the point P without fixed points
(and Gp is maximal at the point P), defining the invariants ap € Us,—1(BGp).

Then it is easy to obtain the “general Conner—Floyd equations” for the action of
the group G on M"™ with isolated singularities. By what we have shown above, it
suffices to consider only maximal cyclic subgroups G’ C Gp in the final calculations
(cf. Examples 1 and 3). From the class of conjugate points P; with respect to G/Gp
we must select one. The imbedding Gp — G means that the homomorphisms
p«: U(BG%) — U, (GB) are defined. The “general Conner-Floyd equations” are
of the form:

> pulap) =0 € U.(BG), (XII)
Gp
where for each Gp (to within a transformation) we must in (XII) select one point
from the collection ¢g(P), g € G/Gp.

VIII. ANOTHER APPLICATION OF ADAMS OPERATORS IN COBORDISM THEORY

Theorem 2. The Thom complex M(€) of an arbitrary element ¢ € K(BU™) is
homotopically equivalent to MU with preservation of the homological Thom iso-
morphism if and only if the difference & — n is of the form

E—n=> ak (T 1),

where n is a universal bundle, BU™ is a finite skeleton of BU, and W* is the usual
Adams operator in K -theory.

This theorem unfortunately does not imply the well-known Adams hypothesis.
Therefore we shall not give a complete proof.

Roughly speaking, the proof is based on the fact that the operators W'/* in
U*-theory are automorphisms of MU in the category S ® Z(1/k), such that
\Ili/k/Hg(N_H)(MUn) is multiplication by k=% On the other hand, for a uni-
versal element 7 € K(BU) there exists a transformation py: M(¥*y) — MU,
which, in the homologies Hy(n44) is multiplication by k'. Therefore the morphism
VAV M (¥*n) — MU commutes with the Thom isomorphism.
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