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S. P. NOVIKOV

I. Let X = (X,) be a spectrum of (n — 1)-connected complexes whose maps
fn: EX,, — X, 1 are homotopy equivalences up to a high dimension. X*(K, L)
will denote the cohomology of the pair with respect to the spectrum X. We
let H?(X,Z) be the limit lim,_.oc H" (X, Z) and X/(X) = lim,_ X'(X).
X*(X) =3, X(X) is the Steenrod ring AX.

We can now consider X*(K) = >, X*(K) as an A%-module. As in [2] one can
sometimes construct the sequence (E,,d,), where Fy = Ext x(X*(K),X*(L)).
Under what conditions does this spectral sequence converge to Maps [L,K]? We
are interested in the case L = S°.

Theorem 1. If for a point P the group X°(P) = Z and H*(X,Z) has no torsion
and the spectral sequence (E.,d,) with Ey = H*(K,X*(P)), which converges to
X*(K) has the property that all the differentials vanish for complexes with torsion
free cohomology, then for such complexes the Adams spectral sequence with Fo =
BExt ax (X*(K), X*(P)) exists and converges to the stable homotopy groups 72 (K).

Corollary 1. For the spectrum X = MU, X5, = MU, the Adams spectral se-
quence exists for any torsion free complex K and converges to the stable homotopy
groups 73 (K).

Remark. For the spectrum X = k, Xg = BU x Z, Xa,, = BU®" where BU®"
is the space BU made (2n — 1)-connected, the hypotheses of Theorem 1 are not
satisfied. The spectrum k is the spectrum of the “stable” K-theory; here Q2" X,,, =
BU x Z (ordinary K-theory, where X5, = BU x Z and X5,,_1 = U does not satisfy
the “stabilization” condition m;_x(X;) = 0).

II. The main problem is computing the Steenrod rings AV and A* of U-cobordism
and k-theory. We first compute AY.

Consider the cobordism ring Qy = U*(P) = Z[x1,...,;,...| with dima; = —2i
(see [9-11]). The ring X*(K) for X = MU will be denoted by U*(K). Since Qyy =
U*(P) we have operations of multiplication by an element x of the cohomology of
a point: UJ(K,L) — UI=2*(K, L), dimz = —2k, z € Q% where Q2F = U~2*(P).
For any «, 3 € U*(K, L) we clearly have z(a3) = (za)3 = a(x3). The ring AY
can be considered as a free left Qy-module.

We further note that N = AY ®q, AY is also a left AY-module since N =
U*(MU A MU). The multiplication MU A MU — MU defines a “diagonal”
A: AV 5 AU ®ay AU,
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We have the Kunneth formula in U-theory: the natural homomorphism of AY-
modules

U*(Kl,Ll) ®QU U*(KQ,LQ) — U*(Kl X KQ/Kl X L2 ULl X KQ),

is an isomorphism for torsion-free complexes, where the action of the algebra AV
on U*(K1, L) ®q, U*(Ka, Ls) is given by the diagonal A.

We use an analog of characteristic classes of Chern (see [7] §§1, 2) to construct
the operations of AV.

Lemma 1. There exist unique characteristic classes of Chern oy : k°(K) —
U?F(K) with the following properties:

1. 09 = 1; if n is a Uy-bundle, then o1(n) € Map(K, MUy).

2. The Whitney formula o(§ ®n) = o(&)o(n), o =), 0;.

3. For any Uy bundles &, n the class o1(£ & n) can be represented as o1(§) +
o1(n) + a(o1(€)o1(n)) where a € AY.

4. 01(A_18) = an_10,(€), € € Map(K, BU,,), a,,_, € AY.

As always the classes o) give rise to classes o, where w = (ki,...,ks) is a
splitting of k into positive integers (or w = (0) and k& = 0) and oy, 1) = 0y,
ClEEN) = X i T ()0 (0):

In U-theory we have the natural Thom isomorphism ¢y : U*(K) — U*(ME, P),
where £ is a complex vector bundle over K, P is a point and M¢ is the Thom
complex. For a manifold M™ we shall denote by Do, (M™) the dual (see [1])
bordism classes Do, (M™) € U,,—ar(M™).

Lemma 2. For closed almost complex manifolds the bordism classes Do,,(M™,1n),
where 1 is a normal complex vector bundle of M"™, determine monomorphisms
ok Qu — Qu where a5 C QF 2w = (ki,...ks), ki = k, o [M"] =
eDo,(M",n), [M"] € QF and e: U (M™) — U, (P) is the natural homomorphism.

Note that when n = 2k, ¢} (M") are characteristic numbers. The homomor-
phisms ¢ are easily computed for complex projective spaces CP™: ¢ (CP™) =
A [CP"F], A\ = k.

Lemma 1 implies the Leibnitz formula

oL(wy) =Y oL ()ol, ), wyEQu.
(w1,w2)=w
Lemmas 1 and 2 lead to an important theorem which gives a complete determi-
nation of the ring AV =Y, AY.

Theorem 2. 1) There exist unique operations S,: U/(K,L) — U*?*(K L),
w = (k1,...,ks), D ki = k, satisfying the following properties: a) the opera-
tions S, are natural with respect to continuous maps, commute with the suspen-
sion homomorphism and the homomorphism §: UI=Y(L) — U’(K, L); b) for any
a,f € U*(K, L) we have

Su(ap) = Z Sun (@) Su, (B);
w=(w1,w2)
¢) if « € Map(K, MU;) C U*(K) then Sg(a) = of*tt and S, (a) = 0 if w # (k); d)
the composition S,,, 0 S, in AY is a linear combination of operations of the form
S.ie)if K=CPNx---x CPY where n and N are large, u; € U2(CPYN) elements
dual to the submanifolds CPI.N_1 C CPYN, w=ujo-ouy,, then the operations
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Sw(u) are linearly independent for all w with dimw < n and the linear Z-space
spanned by S, (u) is the ideal generated by w in the ring of symmetric polynomials
generated by ui, ..., u,; f) the Chern classes o, are equal to ¢, 1S, ¢ (1).

2) Every element v € Agk has a unique representation as a linear combina-
tion Y, . Ni%iS.,, where x; is some additive homogeneous basis of the ring Qu,
dim(z;S,,) = 2k and X\; are integers.

The ring AY is a graded topological ring with basis x; S, and the series Y \;x;S,,
converges if dimw; — 0o as i — 0o. We have the equality AY = (Qp o S) where S
is the ring spanned by all S,,.

3) There is a commutation relation of the subrings Quy C A and S C AY:

S,ox = Z o (2)Sw,.
w=(w1,w2)
The Adem formulas in AY follow from b)-e) and 3) is proved by the standard
method of Cartan [6].

Example. For K = S, L = P we get: the module My = U*(P) is given by one
generator t € MY} with the relation S, () = 0 for dimw > 0.

Theorem 3. For a mapping AY 4, AU where d(1) = S, the corresponding
mapping d*: Hom v (AY, My) — Homyu(AY, My) coincides with of: Qu —
Qu, where Qu is naturally isomorphic with the group w2 (MU), 72(MU) =
Hom v (AY, My).
II1. Let @, be the ring of rational numbers whose denominators are not divisible
by p. For the study of p-components of 72 (K) it suffices to consider the ring
AY ®7 Q, and the modules U*(K) ®z Q,. Let C be the class of finite groups
whose order is prime to p. It follows from [9-11] that the spectrum MU is C-
homotopically equivalent to the direct sum ) M, where w are the non-p-adic
(k1,...,km) and the A-module H*(M,,, Z,) is equal to A/AB, B is generated by
the elements e/, € A?P~! (recently Brown and Peterson have in [5] constructed the
spectrum M,,). Let X = M,, and AT = X*(X) ®z Q, be the graded ring over Q.
With this notation we have:
Theorem 4. The ring AY @z Q,, is isomorphic to GL(AY), where GL(AY) is the
graded ring of matrices of the form (ay, ;) € GL(Ag), Qi w; € AII,J and

n =dimw; —dimw; +dimay, u;,
is the dimension of the matriz.

B. In the ring ApU we have the subring Qu(p) = Z[x1,..., %, ...] C Qu Q Qp,
dimz; = 2p' —2, a projection mp: Qu @ Qp — Qu(p), with my(x,y) = mp(z)mpy(y) is
defined; the generators x; are such that O'?Qpi_Q)CEi = p and for all w with dimw =
2p' —2, oXx; =0 mod p (outside of these conditions the choice of z; is arbitrary).

C. The algebra S, consists of all elements o of S ® Qp, two elements a1 and
ay are identified when mpoim, = mpasm, i Qu(p); here of: Qu — Qu is the
homomorphism of Lemma 2.

D. X*(P) = My (p), where My (p) has a generatort given by the relation S,(t) =
0 (My, My (p) are the corresponding modules for the sphere).

Even though the Theorem 4 gives a complete algebraic description of the ring
Ag , this is very awkward for computations and it would be much better if direct
formulas for composition could be found.
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IV. We now pass to k-theory, where ko, = BU®™ and ko = BU x Z, ko = BU,
ky = BSU, Q?"ky, = BU x Z (Bott) and inclusions z: kg, — ko, _» are defined
for all n. For the k-theory defined in this way we find that the functors k'(K, L)
are isomorphic to the usual ones for i < 0 and for i > 0, k?/(K, L) for torsion
free complexes consists of elements from K© of filtration > 2i. We have the Bott
operator z: k?(K, L) — k’~2(K, L) which represents an element of the Steenrod
ring A¥. We shall use two methods for computing the ring A*: the second one uses
the Adams operations ¥*: K9 — K9 and the Bott operator z: k/ — k=2, the first
one will be based on the inclusion k% — U? [7]. Neither one of them is complete.

1st method: we use the “fixed” Conner—Floyd operators A_1: U/ — k7, |j| < oo
and o1 : k? — U? which gives a splitting of the cohomology theory U? = k2 + - - -,
o10A_1: U? — U? is the projection [7]; we have the inclusion 2N A¥ — AV, for
N large. Note that 2V — ax (see Lemma 1) and o1\ _1(€) = ay_10n(§), where &
is a Uy-bundle and x the Bott operator.

2nd method for determining the operations in k-theory: the Adams operations
Uk do not exist in stable k-theory since U* o 2 = kz o U¥, but we have nonstable
operations k"W¥: k2" (K, L) — k**(K,L). Let n be large. We pick a large integer
m and form a linear combination ), )\,(Cn)k‘”‘l'k = a, and such that the maps of

homotopy groups a) . 772”+2j(BU(2")) — 7r2n+2j(BU(2”)) for 5 < m be indepen-

dent of n in the sense that for all N > n one can find numbers )\ng) so that the
homomorphisms aff*) => )\Eﬁn)k”ﬂ' coincide with ag\j,)* => )\ch)kNH for j < m.
€))

A sequence a = (ay), where a,;. are independent of n for j < m(n) — oo will
be called an operation in k-theory. If aff*) = 0 for j < ¢, then a = 27 where x
is the Bott operator and b: k! — k!*2¢. The ring of these operations (together
with z) we shall denote by A%. If we consider the module M,Y (of the sphere)
with one generator ¢ over A%, with bt = 0 for positive dimensions, then we find

that Extz,?i(M &, M) is a cyclic group of order d;, where d; is the greatest common
w

divisor of all numbers k™(k? — 1) as k runs over the integers and n is large.
V. We indicate some simple results of computations.

Theorem 5. 1) The group Exti{fi(Mk, My,) is equal to Zg, where d; is the greatest
w

common divisor of all numbers k™(k* — 1) over all k, n — oo.

2) The group EthéHQ(MU, My) is equal to Zs.

3) The groups Ethéi(MU,MU) are equal to Zg, /q,, where azq = 1, agqy1 = 2,
d;/2 is the denominator of B;/2i where B; are the Bernoulli numbers.

4) di/Ext;’?f(MU,MU) =0,1 # 4k — 1; d3/E§’8k+6 # 0, where d; are the
differentials of the Adams spectral sequence (E,.,d,.), k > 0.

5) The homomorphism q = Ext! o J: T2i_1(SO) — Tni2i-1(S)N — Ext
coincides with the Hopf-Milnor—Kervaire invariant [8].

1,26
AU
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