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TOFOLOGICAL INVARIAXCE OF RATIOI{AL FONTRJAGIX CLASSES

s. P. NOVIKOV

object of this papcr is to prove fte following theceo:

I. Let U\ sril Al be two smooth mani.folils, or PL moifolik, ail let h: tl- Ill be
Iwmeomorphi*m. Then h*pi0l!l:p;(Ut), where pi(W\ ee the Pot*jqin cluses,
or rcoJ coefficients, of a moifold trlil.

lii,Ai" paper rr€ give a eketch of the proof of 6is theoreo for snooth simply-coonectcd *niloldc

il\; 6e m-simplycoolectcd case reducec ro the sinply-c.'onected cace, tfe rcaark dat the

uscd in a previos paper [Z] by the preeefr audc, whete this ptopositicr was proved io a

case, differc from ttat pres€nted here, altLogft the ideas ia dc tso papcrs are clocely

.r.Tteorem I folloss ftoo tbe folloving foodam6s1a[ tsm;

i, Frndarcnbl lerra. Suppose that we oe gioen a smooth Eauchtre on the Cstecia proilwct

?-,rR*, malcing ylh *pm into a.smoothopatnanifolil Y (here U4h i, oeloseilcomprz;tsimpty-
nanifoltl. Then the fallouin6 formalo lolihz

(Ln(w), IMhl g l) : t(Me\.

L7 is the Eirzebruch polynomid in the Portjqhr classes of the madfoldY, ail thth iE the
of the nanifolil A4k.

The proof is fivlled ioo sereral areps.

,,.', Step l. Ye taLe &e open subset T^-l xn Cnn, vtere ft-l is tbe (rz - l)dioensimal torue.
r:,.;V-e cosider 6e oDeo suboaoifold
")t! -: :

;3:i;a.." wt- Mo-xT'*-x1e.w.
,;.t . 

The fo[owing lemma is nor difficult.
*t i,, ' ,,L.t-"..1. Therc exists asmoortcbsedsubmodfold YLcJLrepresentbrgthe cych
ni.r:,lY* " 

7-'l 
8 r € E *^-t01 1), svch tha the nar.,ral proi""{ioo p: V 1- 

y4h * yt'r induces
'l:.:'i$onorphisms of homotopy ud lnmology groups in dimensions <" ztc * 11n - tl/zl.
ii.. 

, Y9t1, 
let Y be a smootlt maoifold havi'g the hmcopy ttq of'Ulk x Tm, ard.let gl be a

;.,;,,",";,ote 
*:at 6e bonotopy rype of U1k x T^JI. Then.there erigts a aamral froicctim y, V; -

1..,1:A* x T^'L of degree +l; and H *r*-t\ i \ = Z.

j,t.., h: l'. There erists osmooth aubmanifoli! Vi cYi representhry'the fundann*al cycle of
i::, 

,!r", lw ,!'oo--r{v i): z, _sueh 
that ,he natwal proi""tio f: v i - y4h * rn-r indaces isomor

,.'.';,P1rr*t 
ol homotopy od homology groups in ilfidetsions t?.h +L@-- t)/Z).

;.,.' . - 
Tlic proofs of the tso le--as are si-ilar. They are accooplished by perfcuiag sccccsive

.., ' I"t"t 
zurgeries o de lcernel of &e iaclusia Y rCVl t Vi cVir-cinirasly, forexaqrle, to [r,4.

:, ||:" 
?e 

Yke 
the additional reoarL that, rince 6c grorp lint of an abelian grdp is ooederian, all

i : l  
omdoPykernelsof tremapping f arctinitelygenerated * ZGrt)-modlotu",tt"t. n!*Z+...+Z.

i: ,,
i:]j. :

i t .

.t,l nr
t r ,



Thus in rhe dimeoeioos indicated *e hoootopy kernels of rhe mapping f cu bc killed by surgery- Te
note thar tfie mapping of universal^covedngs f: Yr-M& x ft--l has degrec +l aad is apropet
map. Therefore rhi formu.la f.Ofn = I holds, rrteie D staods. fotPaiacat{ duality. Moreover, ia
this case we have the folloriag equaliry, wLich is oot hald to proee:

Kerf. (*| | Zo(q) Kerf, (n1 : F,;er l.gIl),
(by the Hurewicz dreotem) whete Ket f.r:) =K* f jtry'l -O fot j Ki, aad Ku f*(r;) * Kcr f*VIi).
This is enough to gtve Lcomas I aod 1'.

Srep 2. The investigation of dioenoion i -12* + (n - l)/2j is nore difficdh. For this pralrose,
we malce^sooe renrks o iatersectioo nunbets. Let P'. il - trl be a covering vi6 ooodrooy group

,rfu * ii. ta. troup /r acta oo 6e groups Hi(frr. ve cmsidct two cyctes *, y e E.(fi) o'd all elc-
meats ai€zr. ltcntleformula (p*r)"(p*y|=E1erno(apr) holds,wheretheryobot ostandsfor

taLing iatcrsectimnunbers ia M ^d,U reepectivety. Soppoee &at, uaing LcmoEs l ad 1', we
have manifolds YrcY, (a Vi cVi) togethcrwit[ aprolectioo yt-Aa**7n-r, haviagdegrec
+l m /1, rhich is a bomotopy equivaleoce * Fr and a hoootopy egivalence ia d.imeasioos
<lZk+G"- t l /Z l  ^  Yt  I f  wetet  lV be thekemel  Kcr f* ( t r1)  to ,  I - l2h+( iz-  L) /27,  tha
Yet f, $It)*N/Za(r1)lV,where n, -Z+...+Z An aaalogous formnlaholdc fqraappirts of allinrer-
mediatccover i rgsof  I / raodof  t4bxF'L st ichcmespoadrosubgrops o 'cnr .  l t l  iso l
finiteiadexin nr,bytheproperties'of nappingsof &gree +I &eLcrneleof tbciadrrcedhoooor-
phisms of homlogy grepc of the correqrooding covetioge catisfy the us.al Poiocacd duality.

As re already tenarked, intercecdoo auobers. ia the hoootogy keroels of. a' .<*el';imgc cas be
obtaioed froln iatersectioo ouobers i" IV by the followiog f6rmula:

(q"J " fuV| - _Z .r "(c.ryr, q: N,-> N l Zoktr N.
a{d

It is also importaat to trotc thet in rhis case tte kernels of &e hoootory hooooorphisos fa all
rhe coveri-oga split iato tbe eun of tAe "right kerncl" and the "left Lernel" f rm V, t o V 1 (u koo
vi to vi).

Te nov proceed as foillows;

1- For odd values of the iotcgcr 2l = 4ft + m - l, by performing surg€{r m /, iaside y1 (onll
to ooe side of 71) opetatiog oa a Z(nr) basis of 6e -rigbt keroel" in hgaorqry, ?e can get the"rigtt kernel" io ho'motopy to be trivial ji ll I ia dirnensio t - lZ* + (zr _ l\/2f . a\oo, (similafy to
[t]) the h*otgPy Lemels io ttis di-easioo will bc free c all coverings vitl finitcly maoy shects.

2.  Fccvenvalucs of  2J=4Jc+m- l .oae caoshor 6* t  N/N- :  F@-. .e.F ,  r r tere ly_ is
the kerael of proiection ooto alr covcriogs wi6 fiaiaty maoy shcets aod F = \*eo, a;Q, dim Q = 2;
the inersecdoo "4r?ir for Q is of *e form 

lf, l]- r"u arQ - ayQ - 0 for "rIii, .j.* o, i. .
subgroup oitloite ider ia nr, 

I

3' Ye cootiaue in both cases (4i + m * r evea and odd) by performing surg?ry on the besis ele-

leots 
of the ZGrr)aodule N to g* the lcraels of 6e hodotopy mappings o all covetings wi&

fimitely -ooy sheets to be trivial, without changiog tbc honcopy io dicoeims < t-
4' Howevet, at &is stag€ the eurgeries se already being carricd (nt nor inside tf,e naoifold y,

1v Yi), bot abstractly m a z'-covering.
It is eaeily seea .f,at aftet thcse opcratioos tte scalar pro&rct of tbe crass Lr(v.r witb the

cvcte fir({yahlg r) is etilr 6e eare as &e scelar product (Lh(vr), f;t1a1i **il,'"*..0o
cycle lies in V , atd V, bas a aiyial oormal bmrlte in 9 aftetthe la.at uodificatio.
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Sr"p i. The followiog fact is of rhe grcatest inportance: attet the last modificati-oa, we obtaio

, , * :K" , f * ( rg )=o '
i:..' tnO is not obvioos, since all se lner was tbar N/N*= 0, vhere lV- is rhe kemel of all pro-

i;;.i.ros oo coveriags ritt fiaitely maoy shceto. Since the ring Z(t) is coe6eriaa, thc oodule N

i'l rudir."simal over Z(rl). By the llrrevicz 6corem, &e module N- co. be defined here in
'r,i*"ty 

algebr'rric o.anocr. By an easy acgrtneot tbe probleo cas be reduced so oedirensimal

.. ' l  '  ,-- !- rha caco m - 7 *La- ir +alrac dra fallmiao fm. tlrete erirts t rnlvnomial P (z)-in the casc frl= Z, vheo it ta&es the followiog form: there erists a polyaomial P(r),with

coefficieats, sxhthat P(0, l0 and P(f)= 1 ead torany rootof uoity (t= 1 rhevalue

is invertible anr ng tbe integral clelrotc of de correspondiog cyclotouic ficld. Ooe mrst sbov

p @) = l. This propocition is p,rwed usiog elemcotry ilgebrartc aumbcr thcory.* A sinilar

,{i".ttio holds for polynmials ood P'
i., It folloss that, after car:rylrrg out modificatios m Y, (e Yi), ne ohain Krlt f'Gtrl -0.

i.' Iterefore the modified mapping f: V 1- 
y4h * 7n-L is a homotopy equivalcacc il dioeasioas

;ttZ* * @ - l't/27, Using PoincarC duality, the Hurericz deorem and tbc propocitioo m polyoooials

p stated alrcve, {Ete cao show that thc mpping 1r is a homotopy equivalere io all dimensioas.

,: Scp 4. Ae ate now rcady for the fuodacotal lemoa.

.'. Vc coosidcr V - Ue x T*-I x R wi6 sme smooding, aod usiag the ptecediog worl we coo-

;,i,!r-.t a manifold Y r l*iag the honotopy typc of y4h * Pn-L slch tbat its clasc Lp(V ,) is the

geoe as Lk(n.

;.li topological mictobrntles and of topological 6aoifefis, since rhe vhoh arguoeor sas based on a.;: .
ll.- :nooth structure I how ssch a defiaitioa cao be givco constiartes 6e oost imcdiate poblcm sug-

i., t"",.4 by ttc results of this paper.

..+,i'.:. Rena.k 2. Ttc poof of isvariancc-ceens sme\rbat artificial to tfie ottc, iince 6e curgeries

i.':.:*tre 
obvicrsty aot essential. It should becme clearer yhco thc coocectioo bcrscco rhe clasecs .LO

4''rtao6 .**iags ir erplained; this is chowtr io a cpecial case by the proof in [2], and by bithcrto un-

J,i:irslished reeults c oning ttese prrobleos.sfrirch have beeo otiaioed by fre pesem fu adbtv.A.Roblio.
iilt .1

l,,,ii - v. A. stekl,sv ltatheaarical taetiarte Receivcd lg/LpF./65
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