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HOITOTOPIC AND TOPOLOGICAL INYARIAXCE OF CERTAIN
RATIONAL CLASSES OF FONTRJAGIN

S. P. NOVIKOV

ve sill consider tadoaal (or rcal) claoses of pootriasin p, e H1i1u!, fi) of closed
manifolde. The brmula of Thom-Rohlin-Hirzcbruch

.  ( Ln fu t , . . . , pn ) ,  [M*1 ,  :  r (Me ]
is sell known, wherc L7, is the polynooial of Hirzebmch md r is the iodcr of 6e naoifiold.
tions of iovariaace of classes onty the following vds Lnown:

l. For hoootopic iavariancc thcre is oaly dc fiornula (Lk?llhlt = , Qteltr
manifolds; ao other telation of invariarce ericts (a discussion of tbic question caa be found io I
suppleneot l)-

2. For combinatorial invariascc thcre are all classes of invariaace (eee [3,4).

l. For topological iovariaacc ag sbsn br Rohlin 
'tn 

L9fr [z] 6e class L {l(& 
+11 ir A.d

Latcr it sill bc seea (Thecem 1) 6at tfie claas Lh\te+l) is cvcn hoaotopic inveriaot, * Oai
result of Rohlin oo Lp(ll&+L) did not give any relatioaa for 6e opological iovariaace of classesi
different hoootopy. As was deteoined b Th"- ard Rohlin 17,41,'rn que*tioos of iavariaoce it is-
ful to pass froo tbc clasics pp to thc cbeses Lp.

Tbe results of rhis scction coneist of trc blloviag:

theorco 1. The clres LpQtr&*|1 i, ho*ocopic iwario*.

Theotcn 2. Let n : 1k + 2 ou! Iet x € Ed;(rtr, Z), be an inihuisible elemeot such t;hot D:
yt h yz uhere yr, f 2E HL$ln, Z) onil D ic the duatity operotor of Poincort. Then rte scdo.
wt (Lp x) fu homobpic inooiott if rte ebment x Los the folhwin7 prcpertiest we consider o ifi
ing N -+ lln for which tha c|,rr.l,ure is covered bg those paths y i* ll" for whieh(y, /1)=.y, yz) iE
it ic required th* the homology groaps Hz**1(ll, Kl be finite-ilimensionaL .u;i;

lLe nert thorcm already rclates to ur"sstirlly topological invariatce.

Iteorcm !, Let n = dt + 2, oil let x €, H ,,h(tr|", Z) be ot element cueh $a.t (Dx]rz - 0.
the scalu proiluct (L1r, r') is a bpological inoariant-

j

ct:

c-orollary l. Fram Theorem z it follows that rte clus Lp(T&*2, of the nrus Tn 1or p1
is lwnutopic invuia*; wrrcooer, rte clar,e LhQt"* *Tz) ho" an invafiatt ccalarpro&rctwith
cycle Il& x O.

Corollaty 2. From Theorem ! it follows that, the-ches of Pontrjogin pp(S2 x S&\ i" a
cal invario*. The elass

cycle trl& x O.
Lk}tre*z) for llQc+z = t& x 52 llr,s m inoqiani l,ealcl. product with:

crrollary !. The prcblem of llwewicz &ow rte difference bet neen Inmotopic typrc ad
morphisms of cloceil nanifolik woe wloeil by lloise only for v = ! on the bag6 of the " H
uemutn46'. in the lgfr, s.
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Io addidoc, the exaaples foc n = 3 (leases) are nor simply coooected and have differeat

.:"simple" homotopic type. For n) j tbe problem has remained opea.

A" mcotioaed, tbe "I-fuacor 7|X) ofAtiyah is always fi.nal; we cao tren appty tte reeults of
6e antlor acd Browder oo nornal hrndlca (sce [t], $f f) f". X = 92 x 54& aod obtzitaor for 52 x S4

' rn iofinite number of houotopic equivaleat singly-coonccted manifolds wirh fistin6g classes of poo-
qagts (of honoopic rype 52 x S\.

Theoren 4. In ewh ilimension of the form 4h + 7, h >-! there (Ee arb infinite number of nonb-
oeonntphic monifolils of honnnpic tpe Sz x S4k. Fo, h> z annng these manifolils there ore PL-
nwifoldc which te not homeoworphicalty smoath anil which harc fractional clor,a of Pontrjgin

ry{trtrak 
*2).

The last part of the thoren follows from &e combipatorial .I-hrnctor and de resuls of [l], sup-
pleueot 2, geoeralizing the lLeotens of Bmwdct and 6e antiot on tbe combinatorial case (./-frncrcr
aod ooroal bundles). Fot h = 2 thc deconiaator of the claes pZUt\ can be mlcea equal !o 7. Io
carlicr knosa e-a'rrplec 6e aonsooo6ability was of a codtrrll,6at ic, hoootopic character.

Ve shatl give a sketch of rhe proof llrst of.llcoreras I and Z.
I- We co'neider a coverilg fi 

VA**t 
for whict &c ody paths y wirh.closcd coveriag are

6osc that have a null io&r of intersection ri6 &e basis cycle * e H a!le*l). (,tr analogpus
cover for y&+z hae alreadl 

5? 
*".:tbed in thc stateococ of llheoreu 2.) The 

ryup 
Z dcte an

X geoeratedbydeo^apPr lg Tt l l *L l .  Forr te cal ,e n=1k+Z,Z+Z acrror . f r  g*o" tedby
Trt  l l -A aa1|TrzI l - . -U.

Lemna l .  A cyc le te let f r l  ca l . rbeobto ined cuchth* T* i= i  for  n=4Ic+L ani l  Tr* i=
Tr.i 

: 
n_fy, 

,! 
= 4h + 2 oil rrl,ch tha p*i = x. This element i is definei! wiquely if tt is riquireil

that' i&trl, l=r'1 ts the cyeleof ott differe*iol spectral sequences of f ibres i ln -t '  of
dvd corerings. Ve shall call it cononical.

For oy compler X ad cyde z e H 4hG) it is porslbte to iatroduce an iavadaot r(z)z ye coc-
sider 6e quadratic tcxa (yz, z) oo E2k1X, R; aod we &ecard its rtdegcaerate pattr,l6ere rcaains
6e finitc-dimeaeiooal noodcgcceratc quadradc fbrm, and for it wc nust tehe au iadcr, ad 6ie is dz)-

Te have abeady choeeo &c elcmcot e e U "7;fi7 io Leom-o l. tt is dpfiacd by rh. elcseor
* e H 4Jr(unr. rhe fro.loqeotal bmula is vilid br cooputiag 6e claas Lg(.pt. .. plrl W meaos of
the homoopic inrariaors of the naaibl d, W (n = & + l, 0Js + 2) uodet tbe hypothcses of Theorem I
aad,2z

(L t (p t , . . . ,  p r ) ,  a ) :  t ( i j ,

rrtere i is tte cuonical cycle o" fr. tti" fiomala can be intcrpreted a9 fic tight gaetalizarioa ot.
thc foroula of llirzebcncb (Lk, Al4*lll = r(ll&l if wc.count U& lrcselfas a r.trivial covering,, of
itrclf nad qrc a!!ilng &at i - r =Utr*\. Foo &e fornula it is obvious dat de ounbcr of tioes a
coveriog Dust be csuatcd in 6c calculatioo of tf,e clars of Pontriagio is egal o de co-dimcorioo of
6e cycle under rardy.

Ve shall indicate.ooe triviat ploperty of rbe form ad of rtc inder r(z).

.  
r - cmoa  2 .  Le t  x t c . . . cx *C- - .  be  acha ino f  f i n i t e  comp le rec ,  x -  U  x i , i | z  x r  c  xk .

Let z e Hap(X) be a* etemcnt'suah thal i* z *a in X. Then lor ilw lugest of tln-wnbera h ute
'.!iof\ = ,U-* 

1). 
Itro-reotnr, tlrc nordegenerote ?aft of the qudr*ic form lrz , i1r*rl is stabilizeil for

the ls#st indices k.
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II. Wcconsider n=4Jc+1 andrre s2ariTsthecycle r€'H4p$lnl bymearisof asuboaoifofa.,: l

All paths oa thc subnaaifiotd l4e Clf" bave closed coveriags i A W tle closure, so 6at A. UU*
aing j, llak c il..i" dcfined ad Tld4k fi^Aa* =/; -or"wer, between Tlllh zl,d, II4h Lie"^ ,.
fitm iV, AN =tr14*Uf U+*. obviously, fi =Urfi A. ve put

IIIL: lJ-TtN, Mr: U ?*JV, Ii\l) Ms- Itl, Mr n IuIz: ht1*
;20 j<0

The imbeddiogs M& Clf , aod U& Cll, arc desigpated W il ud /2. Ve put .I = fr i,l,:ii;
l^ ii, I z 

-b i; c HzhlV&, R). rn. for- (yz,ltl{hlD iaduces formc oo I, I L, and I , 6e i"dic^;r.tj

of vhich ve dcnote by r$), rU ), rUr\. Obriously I = I t (\Ir. Ae have trivially

t (4:r( i . l lu |h l1:  r1 i ) ,
(./rt) : r (iL' JMrhl ; : t(i')'

t(Ir) - r(iu ttv/-ll: r (i"),
i- i . l l tel, i1: i1,tMt\, 4:ir. lnrtor.

Lemma t. I (i) : t 1ir) : r (u) : rtq - r (,11U Ir\.

The proof is obtahed ftola Lcooa 2 md 6e rerart 6at trc traneformatioo Ti "Uots o, ,o'..,..6i

bine arbiaarily largepartr t1, llrar,d ff. Tte cosclusioo aboutrbcinder rUrUJt) is eroved,,ii!

&e basis of the cimple atgebra of qaa&atic forns, sincc tte eotire noodegeoerate px I I is coqGdi

tratcd on t = I t nI z, i = 1, 2.

Leoma 4. r(l ,l)I z| 
= r(U&*\

ff a. e 12h 1yd, R),- shcre 1al r, ltlel) = (al 2, Wq\ = 0, rben the clemeat F - " n W'%;!1
such fiat i ,.F = i ,*F = 0. The fitms erteadcd ovs B oo fre right aod lcft define 6e cycle ., .i1,

6ellzh+rdi, R). ho cosrpactcocycle. D&D ia fr ir cuch &at i'Dk1= c. Heoce it follors,$!

a €. I. (The iobcddiag of coopact cohooologies io tie ucual coho,mologies is omutativc rrr1

Herce Leooa 4 trollovs eacily.

Rema,rt. If 6 ir homlogorrs tD zeto, ftec tte arguoeot baeed oa fie duality of D; is

sary, for fiea a f\Wl*l = 0. Morcover, it is sufficieot 6at E bc boqologous o.zero vith

6e modulug of irfinity by meaoc of e filn baving a cogPact inercection -i6 t4f,. to t'

applications of such tugnnents rhis faci will be vety iryortant.

Theoreo I now folloss ea3ilv froll the leomaa. ls fact,

lr:i:;:i,:

(Lp, rJ : (tr) p.il: (p'L*, i1 : r1i1. :.ia
:jaa

,'rj!'::

. i.r1:..:::a::

IIl. Ve tu!atr to Theorem 2. Ve realize the cyclce_ Dyt, \-rof de,oanifoldt ll{+l' An?"!:,

g4k+2 aod thc cycle r ocaor of dc ioetsection u{*i nuy"-' - a4b- laco se bave : 
':i}

a) over M& &. trivial coveriog; ,,#

b) over Mfh+1 6e covcti.og dccomlnccs into aa infioitc aunbet of ovetings wLh Cmill

vu po. p'rvy+r't = l)qVc.nJr. r4lo=Hr*r, T{c=llo. an llo &e:r:t 
:t::,*Yi!i

tr* L* ,n = i -l..,., i o, rt , ca, r i.tl= rol rno- t'. preccdiog we "ooclode d,at r(trl'=;tr'I'

ii
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By ao aoalogous reasoaiog we can shorv that r(to) - r(h. In &is secoad stEr, howeyer, we usc
the finite-dimensionaliry ol H 2pl11(t[, R1 for carrying out tte arguoeot of the type of Lemna 4 (this
was indicated io the remart oo Lemma 4). Fron jfis fi6i1s-.timensiooalicy it follows tbat for aay ryclcs e H2Lr{fr, R7 there is a relatioa of the type ;= ;lll, ^Jil whecce we crut conclude rhat rhe
cycle I is homologous to zero oo rlf vitb respcct to the nodulus of infiaity, so 6at the filn has a
co'pact intersecdon vith uu c jll. The renaioder is aoarogous to the preceding.

Tleoreu 2 also follovs rov fron the leomas.
IV' Ve sm io thc topological part- In one smoodoess on U4&+2 we realize tre cycle * by he

submaoifold wid trivial notmal buadle ylk , p2 c ll& t2 
, as Bey be doae by vimre of the coodition

(Dr)z = 0. Ve coasi&r rhe natural iqgbeddiog trI& x SL *'R C trtd ^ Rz, *ai" ."1, "** ,r""*.*
the saroe cycle viII be realized 'tr- 

trllk x 51 x R. Let us have rooder smootrrnese. ve realize tbe
.ycle trl4h " Sl 

.b-f &errtrs of the smoort nees of ylk+L gy4h x 51 x,l?. Vc defiae the projection fof degree + l: vlk-.+r -' il& x sl. ve consider q covedog ,"o ll4h x Sl-x R, ;;.";; the closureof atlpaths oo trfr xo- :*iccasilyseen&at fr i"ro*t-orphic *^il";;-hl';;fi:;i;#il)
is a overing ovtr� V&+l with group Z, ir&rced by 6o tranaforaatio o T: N - At. One eycle z eHeW,
is fouad such ttat T* z = z, ao& P*z iehooologous ro 14& xO; Eoreovet, z ishooologous to
Mak xo x o in it. r ̂ "".n thar r(z) * r(M1h) Z,,, ,(d =tiuiiti.tr, p."i. rr" ";; pan was
already proved earlicr. For tle first eguation re oonsider the raosfotmai,^ T'rlle xR*R-rUe*
ft x fi, vfiae f1m, s, tl={m, c, t + l), ne I[*; mor'eovern rre aslntne &* V4k+l liec bctwcen t[e
levels ! =o and,= l. Thc raasbrmatioo f is por'sihly not eoooth. Ue dercte rte imbeddiog ff =
p-.1(v.1h*t).,fr by l. then, T',1i*rlli-'i ,2aatso rhe ** Hr:;:rrfr:;;:;;Lir""".1r"",
relacive *T'*' As above, rG\ =r(i*zl-={l[el. Heace 6. "t tJ.otof 6e deoren fiollows, cioce
tbe aoroal bundle Y&+l L, ll& x Sr x R (b the emoot*nece .ia guestioo) is trivial and tte class
Lr{vak +1) ic iatersuced by de clasc to{ue'"sl x r?) *d 6;;.e by the cr*e Lp(a&.r;.--1o.
proof of the theoreo is thua coqlete.

Note ailded in proof- At present the author har conpletely proved 6c opological invariarcc of
all ratioaal classes of Pontrjagin. A brief accoutrt qppears io tj].

since l/# rcalizcs t, ot llo ad the fila bcrwecn t, aad Trto lies bcrveea llr.ard, Trllo.
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