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HOMOTOPIC AND TOPOLOGICAL INVARIANCE OF CERTAIN
RATIONAL CLASSES OF PONTRJAGIN

S. P. NOVIKOV

We will consider rational (or real) classes of Pontrjagin p; €EH 4"(”", R) of closed orienta
manifolds. The formula of Thom-Rohlin-Hirzebruch

(La(py - - -, pr)s [M*]) = ©(MH*)
is well known, where L, is the polynomial of Hirzebruch and 7 is the index of the manifold. In
tions of invariance of classes only the following was known:

1. For homotopic invariance there is only the formula (L,‘,[M H‘]) =7 (‘l‘g‘) for simply-conne
manifolds; no other relation of invariance exists (a discussion of this question can be found in
supplement 1). .

2. For combinatorial invariance there are all classes of invariance (see [3,4]).

3. For topological invariance as shown by Rohlin in 1956 [2], the class L ,‘(u“* *1) is jov
Later it will be seen (Theorem 1) that the class L k(ﬂ'g‘ *y is even homotopic invariant, so th
result of Rohlin on L k(M‘g‘ *1) did not give any relations for the topological invariance of class
different homotopy. As was detemined by Thom and Rohlia {2,4], in questions of invariance it
ful to pass from the classes p, w the classes L,. '

The results of this section consist of the following:

Theorem 1. The class Lk(ll'g‘ﬂ) is homotopic invariant. .

Theotem 2. Let n=4k+ 2 and let x€ H 4M", Z), be an indivisible element such that D
y1 Ny, where Y ¥, € HYM*, Z) and D is the duality operator of Poincaré. Then the scalor
uct (L,, %) is homotopic invariant if the element x has the following properties: we consider a
ing M — M for which the closure is covered bx those paths y in M for which(y, y )=y, ¥,
it is required that the homology groups H 2k +1(M R) be finite-dimensional.

The next theorem aI;ea&y relates to essentially topological invariance.

Theorem 3. Let n=4k+ 2, andlet x € H (M", Z) be an element such that (Dx%=0.T
the scalar product (L,, %) is a topological invariant. .

Corollacy 1. From Theorem 2 it follows that the class Lk(T'g‘ *2) of the torus T™ (or p(
i& homotopic invariant; moreover, the class L, (M‘ik x T%) has an invariant scalar product with
cycle M4 x 0. 7

Corollary 2. From Theorem 3 it follows that the class of Pontrjagin p k(Sz x $4%y is a top
cal invariant. The class Lk(M“’ 2y for M#*2 - Y4 « §2 hgs an invariant scalar product uith
eycle M¥* xo0. ' ‘

Corollary 3. The problem of Hurewicz about the difference between homotopic types and ho

morphisms of closed manifolds was solved by Moise only for n = 3 on the basis of the ** Haup.
vermutung® in the 1950’s.
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- In addition, the examples for n = 3 (lenses) are not simply connected and have different
“'simple’’ homotopic type. For n > 3 the problem has remained open.
3 As mentioned, the J-functor ?‘r(X) of Atiyah is always final; we can then apply the results of
the anthor and Browder on normal bundles (see [1], §14) for X = $2 x S4¥ and obtain now for 52 x §%
an infinite number of homotopic equivalent singly-connected manifolds with distinct classes of Poa-
- wjagin (of homotopic type SZ x §%).
Theorem 4. In each dimension of the form 4k + 2, k> 1 there are an infinite number of nonko-
meomorphic manifolds of homotopic type S2x S3%. For k > 2 among these manifolds there are PL-
. manifolds which are not homeomorphically smooth and which have fractional class of Pontrjagin
g, (M4 ¥, '
: The last part of the theorem follows from the combinatorial /-functor and the results of [1], sup-
plement 2, generalizing the theorems of Browder and the author on the combinatorial case (J-functor
and normal bundles). For & = 2 the denominator of the class pz(llw) can be taken equal to 7. In
. earlier known examples the nonsmoothability was of a coarser, that is, homotopic character.
: We shall give a sketch of the proof first of Theorems 1 and 2.
7 L We consider a covering ¥ 7 ¥4 for which the only paths y with closed covering are
. those that have a null index of intersection with the basis cycle x €H 41‘(” 4l‘ﬂ). (An analogous
cover for M 442 pag already been described in the statement of Theorem 2.) The group Z acts on
1] generated by the mapping T: M — Y. Forthecase n=4k+2,Z+Z acts on I generated by
T': M= M and Ty MM, ’
] Lemma 1. 4 cycle £€ b"g‘(l}) can be obtained such that T, £ =% for n =4k + 1 and T,.%=
§ T),£=% for n =4k +2 ond such that p,% = x. This element £ is defined uniquely if it is required
that £ Q[TY,1=1, 2, is the cycle of all differential spectral sequences of fibres M® — T of
 dual coverings. We shall call it canonical.
i For any complex X and cycle z € H,.(X) icis possible to introduce an invariant r(z): we con-
- sider the quadratic form (y2, z) on H 2k(X, R) and we discard its ““degenerate part’’; there remains
the finite-dimensional nondegenerate quadratic form, and for it we must take an index, and this is r(z).
~ We'have already chosen the element ¥ € H 4,‘(I} ) in Lemma 1. Itis defined by the element

' 3€ Iiu‘(ll"). The fondamental formula is valid for computing the class Lk(Pl -+ pg) by means of

the homotopic invariants of the manifold M™ (n = 4k + 1, 4k + 2) under the hypotheses of Theorem 1
and 2: ’ '

(Lk (pls se Pk), z) =V1(£)‘

where £ is the canonical cycle on M. This formula can be interpreted as the right generalization of
- the formula of Hirzebruch (Lk’ [H“]) = r(ll‘“') if we_count M4* itself as a *“trivial covering’’ of
itself and we assume that £ = % = [M%). From the formula it is obvious that the number of times a
| covering must be counted in the calculation of the class of Pontrjagin is equal © the co-dimeasion of
: the cycle under study. :
: We shall indicate. one trivial property of the form and of the index r(z).
Lemma 2. Let X) C-.-C X, C--- be achain of finite complexes, X = {J X,, i Xy € X

[ 3

Let z € Hy, (X;) be an element such that j, z £0 in X. Then for the largest of the numbers k we

'ﬁ:r(jk z) = r(j, 2). Moreover, the nondegenerate part of the quadratic form [y?, j k‘z] is stabilized for
E- 4 *
§ the largest indices k.




Il. We consider n =4k + 1 and we realize the cycle x € H 4k(M } by means of a submamfotd.
All paths on :he submanifold % C " have closed coverings in M by the closure, so that the. "
ding j: M** C M is defined and T M4* N M* = ¢, moreover, berween T M4 and M4k Ljeq ,
film N, dN = MMUTMM. Obviously, M =UJ; T*N. We put

My=UT'N, My= UT'N, M UMs=WN., M, My=M*
>0 i<0

Tbe unbeddmgs M4k CH, and M4k CH, ate designated by j, and j,. Weput J= =Im j, I;
Im ]1, f Im1 C H2k M4k R) The form (y2 [M4¥]) induces forms on J, ], and ] the 1nd1
of whxch we denotc by ), rU,), 7(J,)). Obviously J=J, NJ, Wehave tnvmlly

v()=<(, IM*]| = +(3),
T(J1) =T (i [M¥*]] = t(zy),
T(J3) = T (o [M¥]] = v (22),
2= [M¥], & =j.(M¥], =] [M*].

Lemma 3. %(z) =7 (@) = (@) = *(J) = v {(J, U Ja)-

The proof is obtained from Lemma 2 and the remark that the transformation T allows us t
bine arbitrarily large parts M;, M, and Y. The conclusion about the index r(J,UJ,) is proved
the basis of the simple algebra of quadratic forms, since the entire nondegenerate part J; is con
watedon J=J, NJ,, i=1,2. '

Lemma 4 r(J; UJ,) = r(4%). :

It a € H¥MU%, R), where (af ,, H41) = (al,, H%]) = 0, then the clemeat B = aM*]
such that j, B=j, B=0. The filns extended over 8 on the nght and left define the cycle .
8 € H,, ,y(M, R). The compact cocycle D3 in H is such that j DkS a. Heace it follows |
a € J. (The imbedding of compact cohomologies in the usual cohomologies is commutative wi
Hence Lemma 4 follows easily.

Remark. If § is homologous to zero, then the argument based on the duality of D) is unce
sary, for then a ) 41 -o. Moteover, it is sufficient that § be homologous to zero with re
the modulus of infinity by means of a film having a compact intersection with ¥ 4k 1n the furth
applications of such arguments this fact will be very important.

. Theorem 1 now follows easily from the lemmas. In fact,
(L, 2)= (s, p.2) = (P, &) = ().

IIl. We turn to Theorem 2. We realize the cycles Dy,, Dy, of the manifolds M'y‘ 1, ]
M4%*2 and the cycle x means of the intersection M‘ﬂ’ 1 M4l‘+1 M4, Then we h’"-

a) over M*¥ the trivial covering;

b) over M f" *1 the covering decomposes into an infinite number of coverings with gro
We put p 1(Mf‘”) = UqM where TZM Mqﬂ' T M ll On Hq the cycle £, € H 4

that l'q* bg= % where jq: M CM, T, g =ty Ftom l:he pteccdmg we conclude that r(tg)
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~since M¥% realizes ty on Mq and the filn between tq and Tltq lies between Mq .and Tluq.

By an analogous reasoning we can show that f(tq) =7(%). In this second step, however, we use
the finite-dimensionality of H 2k +1(M, R) for carrying out the argument of the type of Lemma 4 (this
was indicatsd in the remark on Lemma 4). From the finite-dimensionality it follows that for any cycle
S € HZk +1(M, R) there is a relation of the type & ='Eﬂf’ AsT;‘ 8, whence we can conclude that the

cycle 8 is homologous to zero on M with respect to the modulus of infinity, so that the film has a
compact intersection with Mq CH. The remainder is analogous to the precediog.

Theotem 2 also follows now from the lemmas.

IV. We tm to the topological part. In one smoothness on M4 *2 we realize the cycle x by the
submanifold with trivial normal bundle M4 x R2 ¢ Y4k +2, as may be done by virtue of the condition
(Dx)% = 0. We consider the natural imbedding M4 « S1 x R c H4¥ R?2 andin any other smoothness
the same cycle will be realized in M4 x S1 x R. Let us have snother smoothness. Ve realize the
cycle M4, sl by means of the smoothness of W4 *1 c y4% , S1, R We define the projection f
of degree + 1: W4 ¥ _, Y4k \ 51 we consider q covering over M1* x §1 4 R, preserving the closure
of all paths on ¥* x 0. 1tis easily seen that M is homeomorphicto M% x R x R and =P'1(W‘ﬂ‘+l)
is a covering over W4 * gjepy group Z, induced by the transformation T: N — N. One cycle z € H 5 (N)
is found such d:af Tez=12z, a0d pez is homologous to % 0; moreovet, z is homologous to
M¥* x0x0in M. 1 assert that 7(z) = r(M4*) and 7(2) =(Lk(Vu‘+1), P.2). The second part was
already proved earlier. For the first equation we consider the transformation T': M¥ xRx R-s M 4
‘Rx R, where T'(m, s, t)=(m, s, t+1), meE M'g‘; moreover, we assume that W45 *1 Jies between the
levels =0 and £= 1. The wansformation T’ is possibly not smooth. ;‘l’e denote the imbedding N =
p LWk +1) Cﬁ by j. then T:(j*z) =J.% and also the growp H,, sW=H,, +1(M'ﬂ’) is invariant
relative to T',. As above, r{z) = r(j,z).= r(Y4%). Hence the statement of the theorem follows, since
the normal bundle W41 j, y4 sl p (in the smoothaess in question) is trivial and the class
L k(W4" *1y is intersected by the class L k(ﬂ‘u‘ x 81 x R) and therefore by the class L k(M“’ *2). The
proof of the theotem is thus complete.

Note added in proof. At present the author has completely proved the topological invariance of
all rational classes of Pontrjagin. A brief account appears in [5]. -
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