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(where T is a word in F,,). The set of automorphisms {%n} (for a
fixed a, € Sp(rz)) is the same as the set of all the ways in which «, can
be wrltten in 8y, (taking into account the defining relation Q.,,). If two
manifolds M3 and M3 € M are not diffeomorphic, then
{aan(ﬂa)} N {2gn (o) }— @ in GL(2n). Conversely, if &y, € GL(2n)
preserves Jon C Foy (O (J9,) C Jay), then this automorphism defines a
unique manifold #* € M.

We consider in GL(2n) the subgroup of all automorph1sms that preserve
Jy, and denote it by Sp(n) Clearly, Sp(n) lifts to Sp(n) in GL(2n). If

Sp denotes the union U Sﬂi)-(/n)' then S’—p-/c: G L

n=0
DEFINITION. Let o#* € M and let a,, = ay,(H#?) ¢ Sp(n) = Sp (for
some integer # = 0). Then o,,(#% (a collection of true reduced words

(W)a,) is called a strong representation of QJZ’* or simply a representation
of o#3 € M.

Thus, there is _a one-to-one correspondence between strong
representations o, € Sp and collections (W),, of true reduced words
W vum 853 Piw 5 ¢ vy ) (written in <#,,) such that

1) the words {z;; y;} (1 < i, j << n) form a basis of Pyt

2) there is an element 7 = T(W) € GL(2n) C GL such that

n

H (xiyia7 yﬁ)—T[H w7 it T7LE Jon.

REMARK. Clearly, a manifold o#® € M has infinitely many strong
representations. The totality of all strong representations of all mamfolds
o/(® € M splits into an infinite collection of subgroups Sp = U Sp(n)

We take Sp as the list of all manifolds.#3 € M. We enumerate thlS list.

§10. A theorem of S.P. Novikov

Theorem on the impossibility of recognizing whether an n-dimensional
manifold is an n-dimensional sphere (n = 5) or whether a contractable
domain in (n +1)-dimensional Euclidean space with smooth boundary is
an (n + 1)-dimensional disc.

As is well known, for any effectively given sequence of finitely presented
groups one can construct in a standard way a (n +1)-dimensional manifold
(n = 4) with boundary of the form

Ml =[D" Y DixDiy |y Ditx b

hk gi’v'~1gl

where f=1,.... ko = N

hy: (D} x 6DY) — aD™1,
8¢ D37t xo0Dg—ao D™ \J D} x Dy
hy,
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and the glueing is done according to these maps with the standard

smoothing. The fundamental group n,(D"** |J D} X D}) is free, and

hj ..... hl‘-
gl, ..., & are relations between the free generators hy, ..., A of
- o a(g) o;!Q) a,.gfi’)
(oM™ {R, g)), gq—h izz o...ohi‘_ ;

ST +1

Aucordmg to Smale’s theorem (see [1]), if n = 5 and m, (A ) =1,
then o#%}',; can be constructed with no handles of index 1: there are

elements gy, ..., g_; such that o#/j; 5 = ry/z{o = = =D U Dt x D,?.
Byr -+or Bl
We have the obvious lemma.
LEMMA 1. If 7V, 7@ 7®) is a sequence of finitely generated
groups such that H (w) = Hy(w) = 0, then one can construct effectively

n+i

a sequence of manifolds N, . . ., Mt such that d/’i"”‘l is a disc if
and only if #© is trivial

PROOF. Suppose that the first step of the construction has already been
made: if a%” = {h, ..., hy g9 , ..., g”}, then we have a manifold

?

0/}’/(& &) with group Ity (@/ﬁ(ﬁ, g(j))) ?—ﬂ(j) = I, (8;/[3:? ;(j))). Since Hz(ﬂ:(i)) = Om

all the cycles in H, (83-1‘53;’ 13{0)) by Hopf’s theorem, are spherical. Knowing

this fact a priori, we realize a free basis of the cycles in #, (d- //3;“;(1)))

(effectively) by the spheres S x DI c— 89/]!3:’“;(;)) and then we glue the
handle D X DZ-1 by using this imbedding of D2 X DZ~2. By Smale’s
theorem the lemma is proved when n + 1 = 6.

LEMMA 2. There is an effective sequence of finitely generated groups
D, ..., 7D, .. such that a) Hy(m() = Hy(n(D) = 0, b) it is
impossible to recognize in this sequence whether a group is trivial.

PROOF. H,(m) is effectively computable since H, = w/[w, w]. Therefore,
we may assume by results of Adyan (see [7]) that H,(«(?)) = 0, but
possibly H, # 0, in a sequence where it is impossible to recognize whether
a group is trivial. We prove the fact that for any finitely presented group
for which H(w) = 0 one can construct effectively a central extension 7,
where the sequence 1 - H,(m) - @ = m — 1 is exact and H,(7) is

trivial. Let A,, ..., h; be the generators and g;, ..., g the relations.
We consider a group 7 with the generators i, ..., h; and relations
]q = hgqh“l . Obviously, there is a map # — m with kernel
Hy(m) X Z’i . where ZF is free Abelian with generators
ot (hy) =hy, ..., &Y (hy) = k. Since Hy(mr) = 0, we can choose elements
b; = ﬁig;‘vf; ¢ =1, ..., k such that b, = h_ in w/ln, ]l (y=1,...,k).
=

We consider the group m with the generators %,, ..., h; and relations
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4
Ajo=higlhi'gs' =hs; gl =1, by=[] gri=1.
j=

Using homological algebra it is easy to show that m has the requisite
properties. To prove Lemma 2, we take Adyan’s sequence of groups
V.., 7, ..., assuming that H,(7(1)) = 0, and construct effectively
the required sequence 71, 7#(2) .. 7  This proves Lemma 2.
Our theorem now follows obviously from Lemmas 1 and 2.

Added in proof

Our algorithm for discriminating a standard three-dimensional sphere can
be used to construct an algorithm for discriminating a trivial knot in a
three-dimensional sphere (or in Euclidean space); This algorithm, in contrast
to Haken’s well known algorithm, is effective in practice and has a very
simple realization on an electronic computer. In particular, there is an
estimate of the order of n* for the number of operations in this algorithm,
where n is the number of vertices of the knot. It is convenient to give
the list of knots as the elements of a stable braid group; the braids in their
turn correspond to automorphisms of a Riemann surface which give three-
dimensional manifolds (see [6]). From Waldhausen’s theorem it follows that
the relevant automorphism of a Riemann surface is spherical (that is,
determines a three-dimensional sphere) if and only if the original knot is
trivial. Consequently, the final algorithm for discriminating a three-
dimensional knot is as follows:

a) for each simplicially realized knot an element of the braid group is
constructed (non-uniquely), represented as a word in its generators o;;

b) according to [6] each generator o; corresponds to a Dehn operation,
which simulated in §8 on nets that is, from the word obtained in terms
of the g;, a net is constructed (determining a three-dimensional manifold),

¢) by means of the algorithm (A) (which is defined on all nets), it is
checked whether the net so obtained is spherical.

We note that we describe the set of all knots from the set of all their
representations in terms of the braid group; therefore, choosing an element
of this group at random determines, generally speaking, a non-trivial knot;
the percentage of trivial knots constructed by a random walk is approxi-
mately equal to that of representations of a three-dimensional sphere in the
class of all representations of all three-dimensional manifolds.
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