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Exactly soluble periodic two-dimensional Schrodinger operators

A. P. Veselov and S. P. Novikov

In this paper, originating from the results [1] on cyclic chains of Backlund—-Darboux transforms
in the one-dimensional case, we use a Laplace transform to construct exactly soluble periodic
operators 2L = (8 4+ B)(8 + A) 4+ 2V. Here A, B, V are functions on the (z,y)-plane, z = = + iy,
0 = 0r —i9y. We call V the potential and H = (B, — Az)/2 the magnetic field. The Laplace
tra.nsform associates the solutlon of the equa.tlon Ly = 0 with the solution of a new equation
Lw = 0, where ¢ = (8+ Ay, 2L = (8+B)(8+A)+2V (6+A)(6+B)+2V A=A- (an),,

= B. For the potential and the magnetic field the transform has the form V = V + H,
ﬁ =H+ %(ln V),.z. It appeared in classical geometry at the beginning of the 19th century with
aims far removed from ours and where the operator L was always hyperbolic: z —+ &, Z = 9
(see [2]). An infinite chain of Laplace transforms Vi, = Va1 + Hn, Hn = Hp_1 + 188fn_1,
Vn = exp fn, after transition to functions g, — gn—1 = fn, coincides with a two-dimensionalized
Toda chain, which is widely known in the theory of solitons. As Ferapontov has informed the
authors, this circumstance was known to A. M. Vasil’ev but was not utilized in any way. Cyclic
chains of Laplace transforms were considered by Darboux and Tzitzéica [3] who made a number
of valuable formal calculations. These authors did not, however, pose global problems.

In formulating global problems we assume that the operator L is elliptic and that the potential
V and magnetic field H are doubly-periodic real functions on a plane with vectors of periods Ty, T%

and an elementary cell K. We call the integral / / H dz dy = (H] the flow of the magnetic field.
K

Suppose that [H] exists. We call the case [H] = 0 topologically trivial and the case [H] # 0
topologically non-trivial.

Proposition 1. Every finite-gap (or algebraic-geometric) solution of a two-dimensionalized Toda
chain for any n determines a two-dimensional- periodic (quasi-periodic) topologically trivial
Schrédinger operator that is finite-gap with respect to the zero level of energy (that is, the Fermi
curve has finite genus), and conversely, where the displacement n — n + 1 corresponds to a shift
by a constant vector (the difference of two points at infinity) on the Jacobi manifold for the Fermi
curve.

The corresponding Schrédinger operators were first constructed in [4]. For the finite-gap solu-
tions of a two-dimensionalized Toda chain see [5].

Proposition 2. Suppose that a chain of Laplace transforms is cyclic: Vi, =V, and all the
potentials V; = exp f; are doubly-periodic smooth real positive functions. Then for all k the
Schridinger operators Ly, are algebraic-geometric (finite-gap) with respect to the zero level of
energy Lxy = 0. All these operators are topologically trivial.

Examples. 1) n = 1. Here Vi = Vp, H1 = Hg = 0, 33fo = 0. In the smooth doubly-periodic
case we have fp = const.

2) n = 2. Here Vo = W, Hy = Ho + %aé(fo + f1). In the smooth doubly-periodic case
fo=—f1+a=g+a/2 089 = —8e*/?sinhg, a = const. Proposition 2 for n = 2 follows from
the results stated in [6].

3) Let n be arbitrary but Hp = Hy, = 0, that is, 2Lg = 88 + 2V = 2L,,, V = Vi = V,.
For n = 3 we obtain first the non-trivial operators that in the smooth doubly-periodic positive
case satisfy Tzitzéica’s equation 38g = 2e4/3(e=29 — e9), fo = g + a/3, a = const. For n = 4
under the same conditions we obtain fz = fo, fo+ fi + fo+ fza = a, 3fo +2f1 + fo = b,
889 = —4eb—2)/25inh g, g = fo + (b — a)/2, a and b are constants.

In the topologically non-trivial case [Ho] # 0 we introduce two types of chains.
1. Semicyclic chains, where V,, = Vg + Cn, Hn = Hp. Here |K|Cy = n[Hp). Forn = 1 we
have only the Landau operator Vp = const, Hy = const. For n = 2 we arrive at the equation
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Ag = —2C; — 8e%/2sinhg, g + a/2 = fo in the smooth doubly-periodic case. Curiously this
system was pointed out in [7] as a reduction of the two-dimensionalized Toda chain. Here two
levels Lowo = 0 and Loyn = —2Cy 4, are connected by the relation ¥n = Qn—1...Qo%0, where
Q; = efi/2(8 + A;) in the real calibration B; = —A4;, Im(8A4;) = 0. If zero is a point of the
spectrum, then —2C,, is also a point of the spectrum.

II. Quasi-cyclic chains (principal case). Here Vo = Ho, V;, = Hyp + Cn, where [Hp] = [Hp] > 0.
The Pauli vector operator P for a particle with spin 1/2 in the magnetic field and zero electric
field is the direct sum of two scalars: Po = Vo VI @ Vi Vo, Pr = Vo VA @ VIV, V; =3+ B;
in the ‘real’ calibration, Lo = VS'VO, L, = V;’[Vn + 2C,. For [Hj] > 0 the spectrum Vij
begins with zero; the eigenfunctions of Lot = 0 and (Ln —2Cp)yn = 0 in the rapidly decreasing
[8] and periodic [9] cases are found in the form V; ¢; = (8 + B;)¢; = 0, j = 0,n. In the periodic
case these are magnetic Bloch waves for an integral value of the flow [Ho] = [Hn] = 2am, m > 0 of
the form t; = (exp p;)o(2—a1)---o(z—am)e®i*, j = 0,n, where Ap; = —Hj, a = (a1,...,am).
We obtain the level of Ln'lZn = 0 in the form 1‘/; =Qn-1.--Qo¥o.

Theorem. Suppose that all the potentials Vi, k = 0,...,n, of a quast-cyclic chain are smooth,
positive and doubly-periodic on the (x,y)-plane, where Vo = Hg, Vo, = Hn + Cpn and the flow
[Ho) = [Hn] is integral. Then the operator Ln has two ezactly soluble isolated levels in Lo(R?),
Loy = 0 and Loy = 2Cr, that are isomorphic to the Landau levels for the case Hy = H, =
const, Vp = V5, = const.

Example. Let n = 2. The hypothesis of the theorem reduces to the equation Afy = 2C5 — 4e’o.
For the operator Ly we have Vo = exp fo = 2C; — efo, Hy = C2 — /0, [Ho] = [Ha] = Ca/2.
From the substitutions 2’ = 2z, g + const = fo we obtain Ag = 1 — 9. This equation has many
solutions periodic in = and not depending on y. In the y-calibration we have a reduction to the
one-dimensional problem: 1 = e**¥(z) and obtain new oscillator-like families of Schrédinger
operators M = 82 — V/(z, k) that for all k£ € R have two levels, exactly soluble and not depending
on k. De Vega has pointed out to the authors that the equation Ag = 1 —e9 arose as an instanton
reduction of the Ginzburg-Landau equation for a critical value of the parameter separating types [
and II (see [10]). One of the authors (Novikov) has suggested a curious method of solving this
equation and also a difference analogue of the theory of Laplace transforms.
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1This is an appendix to an article by B. A. Dubrovin.



